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Chapter 1
Introduction
In 1929 astronomer Edwin Hubble made the startling discovery that our universe is not
static [1]. He observed that all the galaxies were moving away with a receding velocity
proportional to the distance of the galaxy from us. This means that the nearby ones are
moving slowly relative to the far away galaxies. One simple explanation for this obser-
vation is that the entire universe itself is expanding! Numerous other later experiments
have conﬁrmed this observation.
The cosmological theory that best explains an expanding universe and certain other
observations is the Big Bang model. According to the Big Bang model, the universe
originated from an extremely dense and hot state and has been expanding and cooling
since then, and will continue to do so. The best test for the Hot Big Bang theory is
the discovery of Cosmic Microwave Background (CMB), which is the residual radiation
ﬁlling the entire universe after the Big Bang [2].
Though the big bang model successfully describes the universe up to very early times, it
was not able to explain certain observations [3]. In 1980, Alan Guth proposed Inﬂation
as an add-on to the big bang to explain the observations [4]. Inﬂation is a proposed
brief period of accelerated expansion by a large factor.
Due to inﬂation, our universe is homogeneous and isotropic up to a high degree. The
CMB anisotropy constrains the density variations for large scales in the early universe
to be less than 1 part in 104. To account for the structure observed in the universe
we consider ﬁrst-order corrections to the homogeneous and isotropic universe. These
perturbations are related to each other through a set of diﬀerential equations [5, 6]. For
solving these diﬀerential equations we need initial conditions, i.e., the values of these
perturbations at the early radiation-dominated epoch. Mathematically, there are two
equally possible types of initial conditions, adiabatic and isocurvature.
Adiabatic or curvature perturbations are perturbations of the curvature of spacetime.
Whereas isocurvature perturbations are perturbations in the relative number densities
1
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or velocity ﬁelds of various species [6–8].
But how do we detect whether the initial conditions were adiabatic or isocurvature? We
can use CMB to look back in time and ﬁnd the right initial conditions of our universe.
We will study the spectrum obtained from the adiabatic and isocurvature initial condi-
tions and then we will compare it with the observed spectrum. We ﬁnd that the shape
of the observed spectrum is very close to the spectrum obtained from adiabatic initial
conditions.
Adiabatic perturbations can be produced by a single scalar ﬁeld but isocurvature per-
turbations will need at least a second scalar ﬁeld for its production. A possibility of a
second ﬁeld can give evidence for particles like axion and curvaton, which have not been
discovered yet [9–12]. Thus, the detection of an isocurvature perturbation is very im-
portant for extension of the standard model of particle physics. Therefore we consider a
mixed adiabatic and isocurvature model and see whether there is a possibility of a small
isocurvature fraction.
Bayesian evidences is a very good tool for comparing diﬀerent models. We use it to
determine which model is more favoured by the data over the other. Towards the end of
the thesis we will see if the present CMB data allows for a small isocurvature component.
Chapter 2
Standard Cosmology
In this chapter we will brieﬂy touch upon some of the concepts in the theory of general
relativity that describe the geometry of spacetime, Friedmann-Lemaˆıtre Cosmologies,
the Big Bang and inﬂation as an add-on to the Big-Bang.
2.1 The Geometry of Spacetime
According to General Relativity (GR), gravity is the geometric property of spacetime.
The curvature of spacetime is related to the energy and momentum of the content present
in the universe. We will present some of the important quantities of GR in brief; for
details, see for example, [13, 14].
Metric Tensor. In GR, the metric tensor gαβ is the most fundamental object of
study. It is deﬁned to be a symmetric (0,2) tensor and contains all the information
about spacetime. The determinant of the tensor g = |gαβ | does not vanish, so we can
deﬁne an inverse metric gαβ as,
gαβgβγ = δ
α
γ . (2.1)
The raising and lowering of indices on tensors is done using the metric and the inverse
metric tensor,
Tαβ = gαγT βγ , T
α
β = g
αγTγβ , T
αβ = gαγgβδTγδ. (2.2)
Connection Coeﬃcients. The Christoﬀel symbol, or the connection coeﬃcient, is
deﬁned in terms of the metric tensor as,
Γγαβ =
1
2
gγδ(gδα,β + gδβ,α − gαβ,δ) (2.3)
3
Chapter 2. Standard Cosmology 4
where the comma (,) indicates a partial derivative with respect to the coordinate of the
respective index. A couple of things should be noted about formula 2.3: ﬁrstly, it holds
only for torsion-free connections, i.e Γγαβ = Γ
γ
βα = Γ
γ
(αβ), and secondly, the metric
tensor must satisfy the metric compatibility condition∇γgαβ = 0.
Covariant Derivative. A partial derivative of a tensor ∂γT
α1...αn
β1...βm
does not trans-
form as a tensor. So we deﬁne a new derivative known as the Covariant Derivative
∇γTα1...αnβ1...βm which does transform as a tensor,
∇γTα1...αnβ1...βm = T
α1...αn
β1...βm,γ
+ Γα1δγT
δ...αn
β1...βm
+ ...
+ ΓαnδγT
α1...αn−1δ
β1...βm
− Γδβ1γTα1...αnδ...βm − ΓδβmγTα1...αnβ1...βm−1δ .
(2.4)
Riemann Tensor. The second important quantity of GR is the Riemann tensor,
which extracts the information about the curvature from the metric. It is constructed
from the Christoﬀel symbols and its ﬁrst derivatives as,
Rαβγδ = Γ
α
δβ,γ − Γαγβ,δ + Γαγ�Γ�δβ − Γαδ�Γ�γβ . (2.5)
The Riemann tensor satisﬁes a number of symmetries. Firstly it is antisymmetric in the
ﬁrst two and the last two indices,
Rαβγδ = −Rβαγδ, Rαβγδ = −Rαβδγ . (2.6)
It is invariant under the exchange of the ﬁrst pair of indices with the second,
Rαβγδ = Rγδαβ (2.7)
and
Rαβγδ +Rαγδβ +Rαδβγ = 0. (2.8)
The Riemann tensor has twenty degrees of freedom or twenty independent components
owing to its symmetries, ten of which describe the curvature of spacetime without the
presence of matter, through the Weyl tensor Cαβγδ, and the other ten describe the
curvature due to the presence of energy-momentum, through the Ricci tensor Rαβ ,
deﬁned as
Rαβ = R
γ
αγβ . (2.9)
By contracting the Ricci tensor we obtain the Ricci scalar,
R = Rαα, (2.10)
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which represents the scalar curvature.
Einstein Equations. Einstein ﬁeld equations is a set of partial diﬀerential equations
which determine how the spacetime curves in the presence of energy-momentum and a
cosmological constant Λ. The Einstein equation is
Rαβ − 1
2
Rgαβ = 8πGTαβ − Λgαβ . (2.11)
The expression on the left represents the curvature of spacetime as determined by
the metric, and the expression on the right represents the matter/energy content of
spacetime. Here Tαβ is the symmetric energy-momentum tensor, which describes the
properties of matter in spacetime. We can deﬁne a new tensor, the Einstein Tensor
Gαβ = Rαβ − 12Rgαβ . For an ideal ﬂuid, Tαβ takes the form
Tαβ = (ρ+ p)uαuβ + pgαβ , (2.12)
where ρ is the energy density, p is the pressure, and uα is the four-velocity of the ﬂuid.
2.2 The Expanding Universe
As we mentioned earlier, the universe is expanding. Edwin Hubble observed that the
galaxies were receding with a velocity proportional to a speciﬁc galaxy’s distance from
us
v = Hr, (2.13)
where H is known as the Hubble parameter. How does this observation imply an ex-
panding universe? The answer lies in the simple fact that our earth is not in any special
position in the universe. If a phenomenon is being observed by us, it would be the same
for every other position in the universe. A simple explanation is that all of space is
expanding, see Figure 2.1.
0 1 2 3 4
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2
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4
0 1 2 3 4
0
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4
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�
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��
Figure 2.1: Hubble’s observation that physical distances between galaxies increase
with time.
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From equation (2.13), we see that the ratio of distances at two diﬀerent times is equal
for any two objects. For example, in Figure 2.1, positions of 5 objects are shown at
two diﬀerent times t1 and t2 is shown, the distances d between two objects follow the
relation,
dGB(t2)
dGB(t1)
=
dRB(t2)
dRB(t1)
=
dGR(t2)
dGR(t1)
=
a(t2)
a(t1)
, (2.14)
where the colors of the objects are denoted by subscripts and a(t) is called the scale
factor, for simplicity we take its present value to be one. The Hubble parameter (see
equation (2.13)) is deﬁned in terms of a(t) as
H(t) =
a˙(t)
a(t)
. (2.15)
This expansion can cause considerable confusion when dealing with distances. When
someone says that galaxy ‘X’ is 1000 lightyears away, this statement was not true in
the past and will not be in the future. Thus cosmologists have deﬁned the Comoving
Distance, which is the physical distance divided by the scale factor a(t). Equation (2.14)
shows that the comoving distance stays constant with time. Similarly we can also deﬁne
conformal time τ , which is related to the proper time as,
t =
�
a(τ) dτ. (2.16)
2.3 Friedmann Lemaˆıtre Robertson Walker Universe
The Friedmann Lemaˆıtre Robertson Walker (FLRW) universe is an exact solution of
Einstein’s ﬁeld equations, describing a homogeneous, isotropic, expanding or contract-
ing universe (see for example [15, 16]). By homogeneous, we mean that the physical or
observable quantities will be invariant under spatial translations. For an isotropic uni-
verse the observable quantities would be invariant under spatial rotations. The FLRW
line element in terms of spherical coordinates (r, θ, φ) is,
ds2 = −dt2 + a(t)2
�
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
�
, (2.17)
where a(t) is the scale factor which determines expansion of the spatial dimensions and
k is a constant which is related to the curvature on a constant time slice as,
R = 6
k
a2
. (2.18)
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It can be seen that the line element is indeed invariant under translations and rotations.
Another important point to note here is that r is in the comoving coordinates and not
in the physical coordinates. Diﬀerent values of k imply diﬀerent cosmologies.
k>0, Hyperspherical case. Changing the radial coordinate to r = k−
1
2 sinχ, with
0 ≤ χ ≤ π, in equation (2.17), gives
ds2 = −dt2 + a2(t)k−1 �dχ2 + sin2 χdθ2 + sin2 χ sin2 θdφ2� . (2.19)
This is the line element of a hypersphere with ﬁnite volume. This is called a closed model
of the universe.
k<0, Hyperbolic case. In this case the universe is inﬁnite and it is said to be open.
The coordinate transformation r = |k|− 12 sinhχ, with 0 ≤ χ < ∞, describes the hyper-
bolic nature of this space
ds2 = −dt2 + a2(t)|k|−1 �dχ2 + sinh2 χdθ2 + sinh2 χ sin2 θdφ2� . (2.20)
k = 0, Flat case. In this case, the universe is ﬂat and the FLRW metric becomes
ds2 = −dt2 + a(t)2 �dχ2 + χ2dθ2 + χ2 sin2 θdφ2� , (2.21)
or in (x, y, z) coordinates,
ds2 = −dt2 + a(t)2 �dx2 + dy2 + dz2� . (2.22)
The present observations indicate that the universe is indeed ﬂat up to a high degree of
accuracy, and we would take k = 0 for our analysis.
2.4 The Everchanging Cosmos, The Dynamics
In Section 2.1, we discussed how matter and energy inﬂuence the geometry through
the Einstein’s equation. Substituting the FLRW metric in the Einstein tensor of the
equation (2.11) we get the dynamical equations of the FLRW universe. For an ideal
ﬂuid, when the energy-momentum tensor is given by equation (2.12) we get the ﬁrst
Friedmann equation
3
�
a˙
a
�2
= 8πGρ+ Λ , (2.23)
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and the second Friedmann equation
3
a¨
a
= −4πG(ρ+ 3p) + Λ . (2.24)
Combining the two equations we get what is called as the continuity equation
ρ˙+ 3
a˙
a
(ρ+ p) = 0. (2.25)
With this equation we can see how density changes with time for matter, radiation and
vacuum. For matter, pressure exerted is zero pm = 0, we ﬁnd that ρm ∝ a−3. For
radiation, pressure is pr =
ρr
3
, we ﬁnd that ρr ∝ a−4. For vacuum or a cosmological
constant type of dark energy pΛ = −ρΛ = − 3Λ8πG = constant. The evolution of the scale
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Figure 2.2: Evolution of the scale factor and energy densities with conformal time τ
in Mpc. The subscripts γ, ν, b, c and Λ denote photons, neutrinos, baryons, cold dark
matter and dark energy respectively.
factor and energy densities is shown in Figure 2.2. We see that ﬁrst the universe was
dominated by radiation (γ and ν), then the matter density took over and very recently
dark energy (Λ) has dominated the total energy density of the universe.
It has become conventional to use a normalised form for the present energy densities
(denoted by the subscript 0),
Ωi0 =
ρi0
3H20
(2.26)
and
ωi0 = Ωi0h
2, where h =
H0
100
. (2.27)
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2.5 Thermal History of the Universe
The observed temperature of the Cosmic Microwave Background is T � 2.725K [17]
and we are witnessing a transition of the universe from being matter dominated to dark
energy dominated. Let’s brieﬂy study some of the events in the universe’s history im-
portant to this thesis. For a detailed description see for example [18].
Inﬂation. Inﬂation proposes that the early universe expanded at an accelerating rate
by a huge factor. Inﬂationary theory was proposed to answer some problems that the
Big Bang theory had no answer to (see for example [3]).
Neutrino decoupling. As the temperature drops much below the weak-energy scale,
the interaction between neutrinos and the rest of the weakly interacting particles be-
comes insuﬃcient to keep them in thermal equilibrium and the neutrinos decouple. This
occurs when the temperature of the universe is ∼ 1MeV.
Matter domination. As the universe cooled down and expanded, photons and matter
became less densely packed. The energy density of matter decreases slowly as compared
to radiation (see Figure 2.2). Thus the relative contribution of the matter content to the
energy density was increasing and the relative contribution of radiation was decreasing.
When the universe was around 70,000 years old, matter began to dominate the energy
density of the universe.
Recombination. Once the universe cools down to around 3000K, hydrogen ions
are able to capture electrons creating neutral hydrogen atoms. This process is called
recombination. Now photons can no longer interact electromagnetically with the neutral
atoms, and hence they decouple and begin to move freely, resulting in a transparent
universe. These free photons are the Cosmic Microwave Background (CMB) that we
observe today at a temperature of approximately 2.725K.
Reionization. After Recombination, the universe was transparent, but there was no
visible structure in the universe. Under gravitation, matter was contracting and the ﬁrst
stars were formed about 400 million years after the birth of the universe. Most of the
early stars were very large and hot, and burned up in very short timescales. This energy
started to ionise neutral atoms. This is called reionization.
Dark Energy Domination. Till about redshift z ∼ 0.5, matter was the dominant
component in the universe, but then the dark energy takes over and as a result the
universe starts a phase of accelerated expansion again.
The period of inﬂation is very important to this thesis, because it sets the initial con-
ditions that seed the small inhomogeneities that were present at the time of photon
decoupling and are observed today as anisotropy of the CMB.
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2.6 Inﬂation
Inﬂation is deﬁned as a period of accelerated expansion,
Inﬂation⇐⇒ a¨ > 0. (2.28)
We deﬁne comoving Hubble parameter as H = aH = a˙, then equation (2.28) becomes
Inﬂation⇐⇒ d
dt
1
H < 0. (2.29)
which means that inﬂation is when the comoving Hubble length [18] is decreasing. Thus
we can say that the observable universe has evolved from a small patch of a larger
causally connected region.
2.6.1 Inﬂaton Field
In the early universe the cosmological constant term Λ is negligible as compared to ρ+3p
term in the Friedmann equation (2.24). So, for inﬂation a¨ > 0, from the equation (2.24)
we should have ρ + 3p < 0 or inﬂation ⇐⇒ p/ρ < −13 , i.e., inﬂation requires negative
pressure. A scalar ﬁeld with this condition satisﬁed can be thought of to be responsible
for inﬂation and we will call such a ﬁeld as inﬂaton, described by the Lagrangian,
L = −1
2
gµν∂µφ∂νφ− V (φ)
with, V (φ) =
1
2
m2φ2.
(2.30)
By using the Euler-Lagrange equation,
∂(
√−gL)
∂φ(x)
− ∂µ∂(
√−gL)
∂[∂µφ(x)]
= 0, (2.31)
for a homogeneous FLRW universe we get,
φ¨+ 3Hφ˙ = −V �(φ). (2.32)
The energy-momentum tensor for a Lagrangian is given by,
Tµν = − ∂L
∂(∂µφ)
∂νφ+ gµνL. (2.33)
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For a homogeneous ﬁeld we will get,
ρ = T00 =
1
2
φ˙2 + V (φ),
p =
1
3
T ii =
1
2
φ˙2 − V (φ).
(2.34)
We get an expression for H in terms of φ as,
H2 =
8πG
3
ρ =
1
3M2P l
�
1
2
φ˙2 + V (φ)
�
. (2.35)
The condition for inﬂation (ρ+ 3p < 0) will be satisﬁed as long as,
φ˙2 < V (φ). (2.36)
The term 3Hφ˙ slows down the evolution of φ in equation (2.32). A time will come when,
φ˙2 � V (φ) (2.37)
and
|φ¨| � 3H|φ˙| (2.38)
we will call the above two relations as slow-roll conditions.
When these two conditions are imposed, equations (2.32) and (2.35) would change to,
H2 =
V (φ)
3M2P l
(2.39)
and
3Hφ˙ = −V �(φ). (2.40)
We deﬁne the slow-roll parameters as,
�(φ) =
1
2
M2P l
�
V �
V
�2
(2.41)
and
η(φ) =M2P l
�
V ��
V
�
. (2.42)
The equations (2.37-2.40) imply |η(φ)| � 1 and �(φ)� 1. These two conditions on slow
roll parameters are necessary but not suﬃcient for slow-roll approximation. We will see
in the next 2 chapters that the slow roll parameters � and η are very important for the
thesis.
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2.6.2 Two Field Inﬂation
Instead of one ﬁeld φ, we can have multiple ﬁelds that can cause the inﬂation [19]. Let’s
say that there are two ﬁelds φ1 and φ2. Then the Lagrangian takes the form,
L = −1
2
∂µφ1∂
µφ1 − 1
2
∂µφ2∂
µφ2 − V (φ1, φ2). (2.43)
Then the slow roll parameters are analogously deﬁned as [20],
�11 =
M2P l
2
V1V1
V 2
�22 =
M2P l
2
V2V2
V 2
�12 = �21 =
M2P l
2
V1V2
V 2
,
(2.44)
where V1 =
∂V
∂φ1
and V2 =
∂V
∂φ2
. For our analysis we will not need �ij but the trace of
this matrix, �11 + �22, so we deﬁne a new parameter � = �11 + �22.
And
η11 = M
2
P l
V11
V
η22 = M
2
P l
V22
V
η12 = η21 =M
2
P l
V12
V
,
(2.45)
where V11 =
∂2V
∂φ21
, V22 =
∂2V
∂φ22
and V12 =
∂2V
∂φ1∂φ2
.
Closing in on the points discussed in this chapter, we established the dynamics of a
homogeneous and isotropic universe through Einstein equations. In the next chapter we
introduce small inhomogeneities, and see what their implications are. We also discussed
inﬂation in brief, in the next chapter we discuss how inﬂation can be used to set the
initial conditions that generate the universe we see today.
Chapter 3
Cosmological Perturbations
As discussed in Chapter 2, the standard model of cosmology is based upon the spatially
homogeneous and isotropic FLRW model. But our universe is neither homogeneous
nor isotropic. It does successfully describe the universe on large scales, but fails to
describe the structure that we see in our universe. For describing this inhomogeneity,
we use a perturbative approach starting from the spatially homogeneous and isotropic
FLRW model as the background solution over which we consider the evolution of small
perturbations. For simplicity we work with a ﬂat background spatial metric which is in
agreement with the current observations.
3.1 Perturbations in the Background
During early times or on large scales, the perturbations are small, the cosmic microwave
background constrains the density variations to be less than 1 part in 104, so it is justiﬁed
that we take into account only the ﬁrst order corrections to the background solution.
3.1.1 Linear Perturbation Theory
Linear perturbation theory means that we will only be considering ﬁrst-order terms of
perturbations and neglect terms resulting from the product of two perturbations, or
higher. This approach would simplify our calculations as the perturbations would be
related to each other through simple linear equations.
For considering perturbations, we assume that any physical quantity Aαβ can be de-
composed into two parts, the quantity in the background universe Aαβ and small in-
homogeneous perturbations δAαβ . The background part is only dependent on time,
whereas the perturbations depend on time as well as space coordinates. This is justiﬁed
13
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as the background solutions are and should be spatially independent for a homogeneous
universe,
Aαβ(t, x
i) = Aαβ(t) + δAαβ(t, x
i). (3.1)
Let’s now see how Einstein’s equation changes upon inclusion of small perturbations,
Gαβ = 8πGTαβ ⇒ G¯αβ + δGαβ = 8πGTαβ + 8πGδTαβ . (3.2)
The background satisﬁes G¯αβ = 8πGTαβ , which gives δGαβ = 8πGδTαβ . As discussed in
the previous chapter, the left hand side of the equation is a function of the metric and the
right hand side is the energy momentum tensor. So we need to consider perturbations
both in the spacetime (Section 3.2) and energy-momentum (Section 3.3).
Perturbations in Fourier space
A perturbation can be written in the momentum space as,
f(t, �x) =
�
�k
f�k(t)e
i�k·�x. (3.3)
As long as we work up to the ﬁrst order, it is convenient to do the calculations for
perturbations in the Fourier space. For ﬁrst order terms there would not be any mixing
between two Fourier modes, as fk1 · fk2 = 0, i.e., any quantity in Fourier space would
get a contribution from other quantities of the same wave number only.
3.2 The Perturbed Metric
In our ﬂat FRLW background spacetime, the background line element is
ds2 = g¯µνdx
µdxν = a2(τ)[−dτ2 + δijdxidxj ] = a2(τ)ηµν (3.4)
where, τ is conformal time and a = a(τ) is the scale factor. The cosmic time, measured
by observers at ﬁxed comoving spatial coordinates, xi, is given by t =
�
a(τ) dτ . ηµν is
the Minkowski spacetime metric, having the signature (-1,1,1,1). We split the perturbed
metric tensor into a background and a perturbed part, using equation (3.1),
gµν = g¯µν + δgµν = a
2(τ)[ηµν + hµν ], (3.5)
where hµν is the small perturbation. It is useful to split the metric perturbation hµν
into scalar, vector and tensor degrees of freedom. The perturbed part of the metric
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tensor hµν can be written as,
hµν =
�
−2A −Bi
−Bi −2Dδij + 2Eij
�
(3.6)
where we have deﬁned A to be a scalar, Bi as a vector, D as the trace of the spatial part
of hµν , i.e., D = −1
6
hii and Eij as traceless tensor, i.e., δ
ijEij = 0. Note that the vector
Bi and tensor Eij also have scalar degrees of freedom [5, 20],
Bi = ∂iB
S +BVi , (3.7)
Eij = (∂i∂j − 1
3
δij∇2)ES + 1
2
(δiEj + δjEi) + E
T
ij . (3.8)
Thus we can write the line element as,
ds2 = a2(τ)[−(1 + 2A)dτ2 − 2Bidτdxi + ((1− 2D)δij + 2Eij)dxidyj ]. (3.9)
We know that A, Bi, D, Eij all are small and as we are doing ﬁrst order perturbation
theory, we can study the evolution of scalar, vector and tensorial parts separately because
we are going to ignore mixed terms as they will be second order small. The total
perturbation is going to be the sum of these scalar, vector and tensor parts.
Scalar perturbation describes the process of structure formation. Vector part decays in
an expanding universe, so is negligible and is unimportant for us. Tensor perturbations
give rise to the gravitational waves.
3.3 Perturbed Energy Tensor
The background energy momentum tensor was diagonal. For introducing inhomo-
geneities, we introduce oﬀ-diagonal terms and terms that induce anisotropy [21]. The
general perturbed energy tensor is,
T νµ =
 −ρ¯− δρ −(ρ¯+ p¯)v,i
(ρ¯+ p¯)v,i (ρ¯+ δρ)δ
j
i + p¯(Π,ij −
1
3
δji δ
klΠ,kl)
 , (3.10)
and
δT νµ =
 −δρ −(ρ¯+ p¯)v,i
(ρ¯+ p¯)v,i δρδ
j
i + p¯(Π,ij −
1
3
δji δ
klΠ,kl)
 , (3.11)
where vi is the velocity perturbation and it can be decomposed into a scalar and vector
as,
vi = v
S
i + v
V
i . (3.12)
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Πµν is the anisotropic stress and it describes the deviation from the perfect ﬂuid. Πµν
can also be decomposed into scalar, vector and tensor parts. For now we will only work
with scalar perturbations, so we denote vS as v and ΠS as Π. Also for the metric per-
turbations, BS = B and ES = E. We will come back to tensor and vector perturbations
in Section 4.6.
3.4 Entropy Perturbations
The total entropy perturbation is deﬁned by,
Stot = H
�
δp
p�
− δρ
ρ�
�
. (3.13)
In the early universe, the ρ and p will be a sum of matter and radiation components,
ρ = ρm + ρr and p = pr =
1
3
ρr (∵ pm = 0). The perturbed quantities will thus be given
by [20],
δρtot = δρr + δρm
δptot = δpr =
1
3
δρr
ρ�tot = ρ�r + ρ�m = −4Hρr − 3Hρm
p�tot = p�r =
1
3
ρr = −4
3
Hρr.
(3.14)
Density contrast δi is deﬁned as,
δi =
δρi
ρi
≈ δρi
ρ¯i
(3.15)
and
δ =
δρ
ρ¯
=
�
i δρi�
i ρ¯i
=
�
i
δi
ρ¯i
ρ¯
. (3.16)
For matter, energy density is related to the number density (n) as,
ρm = mnm ⇒ δρm ∝ δnm, (3.17)
⇒ δm = δρm
ρm
=
δnm
nm
. (3.18)
For radiation, ρr ∝ T 4 and nr ∝ T 3 ⇒ ρr ∝ n4/3r
δr =
4
3
δnr
nr
. (3.19)
Now equation (3.13) changes to,
Stot = −1
4
δρi
ρi
+
δρr + δρm
4ρr + 3ρm
=
ρm
4ρr + 3ρm
�
δm − 3
4
δr
�
. (3.20)
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Entropy perturbation between any two types of particles can be deﬁned as,
Sij = δi
1 + wi
− δj
1 + wj
, (3.21)
where wi =
pi
ρi
. So the entropy perturbation between matter and radiation is,
Smr = δm
1 + wm
− δr
1 + wr
= δm − 3
4
δr =
δnm
nm
− δnr
nr
=
δ(nm/nr)
nm/nr
.
(3.22)
The matter species present in the early universe were baryons (b) and cold dark matter
(c), ρm = ρb+ρc and the radiation consists of photons (γ) and neutrinos (ν), ρr = ργ+ρν .
Smr = δρb + δρc
ρm
− 3
4
δρν + δργ
ρr
=
ρb
ρm
δb +
ρc
ρm
δc − 3
4
�
ρν
ρr
δν +
ργ
ρr
δγ
�
= fbδb + fcδc − 3
4
(fγδγ + fνδν).
(3.23)
where we deﬁne fb = ρb/ρm, fc = ρc/ρm, fν = ρν/ρr and fγ = ργ/ρr. Using equation
(3.21), we see that it is suﬃcient to consider the entropy perturbation between photons
and the other species,
Smr = fbSbγ + fcScγ − fνSνγ . (3.24)
3.5 Gauge Freedom
The quantities we have considered so far depend on space and time coordinates. When
we make a coordinate transformation, we transform the equations relating these quanti-
ties. For an unperturbed universe this is not a problem, the scalar observables like ρ and
p do not depend on these coordinate transformations. But in the case of a perturbed
universe the perturbation quantities δρ, δp etc. depend on such transformations. The
observables in any theory should be invariant under such transformations. So, when
we construct a theory we ﬁx the transformation relations for making these observables
invariant. Such transformation get rid of the non-physical degrees of freedom and are
called gauge transformations. All gauges describe the same physics. But calculations in
diﬀerent eras can be easier in one gauge than the other. We will work in three commonly
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used gauges, Conformal-Newtonian gauge, Synchronous gauge and for inﬂation ﬁeld we
will use Spatially Flat gauge.
3.5.1 Conformal Newtonian Gauge
In this gauge, we set B = E = 0 and we denote A as Φ and D as Ψ. Hence the line
element becomes,
ds2 = a2(τ)[−(1 + 2Φ)dτ2 + (1− 2Ψ)δijdxidyj ]. (3.25)
We will call Φ and Ψ as Newtonian potentials [22]. In Newtonian gauge, the Einstein
equations in Fourier space are,
H−1Ψ� +Φ+ 1
3
�
k
H
�2
Ψ = −1
2
δ , (3.26)
H−1Ψ� +Φ = 3
2
(1 + w)
H
k
v , (3.27)
H−2Ψ�� +H−1(Φ� + 2Ψ�) +
�
1 +
2H�
H
�
Φ− 1
3
�
k
H
�2
(Φ−Ψ) = 3
2
δp
ρ
, (3.28)
�
k
H
�2
(Ψ− Φ) = 3wΠ, (3.29)
where w =
p
ρ
and � indicates derivative w.r.t conformal time τ .
Cold Dark Matter interacts only through gravitation. So its evolution equations are
a simple function of Newtonian potentials,
δ�c = −kvc + 3Ψ�, (3.30)
v�c = −Hvc + kΦ. (3.31)
As we discussed in Section 2.5, baryons and photons are coupled via electromagnetic
scattering, so their evolution is a bit complicated and is given by,
δ�b = −kvb + 3Ψ� + (collision term), (3.32)
v�b = −Hvb + kΦ+ (collision term), (3.33)
δ�γ = −
4
3
kvγ + 4Ψ
� + (collision term), (3.34)
v�γ =
1
4
kδγ + kΦ− 1
6
kΠγ + (collision term). (3.35)
Chapter 3. Cosmological Perturbations 19
Where the collision term is a function of Thompson scattering cross-section, see [23] for
the complete expression.
For neutrinos, the evolution equations are similar to that of photons but with the collision
term absent,
δ�ν = −
4
3
kvν + 4Ψ
�, (3.36)
v�ν =
1
4
kδν + kΦ− 1
6
kΠν , (3.37)
Π�ν =
8
5
kvν . (3.38)
Gauge invariant Comoving Curvature perturbation
The values of the perturbation quantities would depend on the gauge. So it is useful
to deﬁne quantities that are gauge invariant, i.e., invariant under gauge transformation.
One of such quantities that can be constructed from metric perturbations is the comoving
curvature perturbation (R), it is the perturbation to the curvature scalar and is related
to the Newtonian potentials as [5, 20, 22],
R = Ψ+ 2
3(1 + w)
(H−1Ψ� +Φ). (3.39)
3.5.2 Synchronous Gauge
In synchronous gauge, we set A = Bi = 0 [24]. We relate the remaining elements D and
Eij to a new variable hij by,
hij = −2Dδij + 2(E,ij − 1
3
∇2Eδij). (3.40)
The line element in synchronous gauge becomes,
ds2 = a2(τ)[−dτ2 + (δij + hij)dxidxj ]. (3.41)
Using the properties of hij(x, τ), in Fourier space hij(k, τ) can be decomposed into the
trace + traceless part,
hij = kikjh+ (kikj − 1
3
δij)6η. (3.42)
Unfortunately in the literature, the symbol used for slow-roll parameter (see equation
(2.42)) is also η. In the thesis it would be clear from the context what the symbol is
being used for.
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In synchronous gauge, Einstein equations in Fourier space are,
k2η − 1
2
Hh� = −3
2
H2δ, (3.43)
k2η� =
3
2
H2(1 + w)kv, (3.44)
h�� + 2Hh� − 2k2η = −9H2 δp
ρ
, (3.45)
h�� + 6η�� + 2H(h� + 6η�)− 2k2η = −6H2wΠ. (3.46)
The evolution equations for diﬀerent species are very similar to those in Newtonian
Gauge. For Cold Dark Matter,
δ�c + kvc +
1
2
h� = 0, (3.47)
v�c +Hvc = 0. (3.48)
For baryons and photons,
δ�b + kvb +
1
2
h� = 0, (3.49)
v�b +Hvb + (collision term) = 0, (3.50)
δ�γ +
4
3
kvγ +
2
3
h� = 0, (3.51)
v�γ −
k
4
δγ + (collision term) = 0. (3.52)
And ﬁnally for neutrinos,
δ�ν +
4
3
kvν +
2
3
h� = 0, (3.53)
v�ν −
k
4
δν +
k2
6
Πν = 0, (3.54)
Π�ν =
4
5
(2kvν + h
� + 6η�). (3.55)
3.5.3 Conversion between Newtonian and Synchronous gauge
Newtonian potentials Φ and Ψ of Newtonian gauge are related to the synchronous gauge
variables h and η as [6],
Φ =
1
2k2
[h�� + 6η�� +H(h� + η�)], (3.56)
Ψ = η − H
2k2
[h� + 6η�]. (3.57)
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The scalar perturbations like δρ, δp and v of synchronous gauge can be converted into
Newtonian gauge perturbations by,
δpN = δpS − p� 1
2k2
(h� + 6η�), (3.58)
δρN = δρS − ρ� 1
2k2
(h� + 6η�), (3.59)
vN = vS +
1
2k2
(h� + 6η�), (3.60)
where superscripts S and N on the quantities stand for the quantities in synchronous
gauge and Newtonian gauge respectively.
3.5.4 Spatially Flat Gauge
In this gauge we set Ψ = 0 [20]. Calculations for perturbations in inﬂaton ﬁeld become
very easy in this gauge and we would use this gauge only for relating inﬂaton φ to the
metric perturbations in Section 3.8.
3.6 Solving the Universe
For solving the diﬀerential equations we need initial conditions and the number of initial
conditions we need should be equal to the number of equations. In synchronous gauge
we have 9 evolution equations (3.47-3.55) and 2 Einstein equations independent of the
evolution equations. For getting the boundary conditions we need to see what was the
behaviour of perturbations in the early radiation dominated era for becoming our initial
conditions.
Perturbations in radiation dominated era
When the temperature of the universe was around T ∼ 10 keV, inﬂation had ceased
and the universe consisted only of photons, neutrinos, baryons and cold dark matter
(CDM). The energy density of the universe is dominated by radiation, i.e., photons and
neutrinos. The neutrinos and CDM have decoupled from the plasma but photons and
baryons are still tightly coupled via scattering. Perturbations existing at this epoch are
called primordial perturbations.
During this early radiation dominated epoch, all the scales of interest can be considered
to be outside the horizon (i.e., k � aH = H). We make 3 reasonable assumptions for
simplifying the analysis during the early radiation dominated era,
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1. Radiation domination, ργ , ρν � ρb, ρc, ρΛ, or
w =
1
3
and H = 1
τ
. (3.61)
Thus,
δ = (1− fν)δγ + fνδν
where, fν =
ρν
ργ + ρν
= constant ∼ 0.405. (3.62)
2. Baryons and photons are still coupled together, i.e., vb = vγ . This keeps the photon
distribution isotropic,
Πγ = 0. (3.63)
3. Neutrinos are massless,mν � T . This condition simpliﬁes the neutrino momentum
distribution,
H−1Π�ν =
8
5
�
k
H
�
vν (3.64)
and from equation (3.63) we can say that,
Π = fνΠν . (3.65)
3.7 Initial Conditions— Adiabatic and Isocurvature Modes
The two gauge invariant quantities which are used to describe a scalar perturbation are
R and Sij [6, 25]. When we use the initial condition Stot = Sij = 0 and R �= 0, the
solution that we get is called an adiabatic solution. When we use R = 0 as the initial
condition, we say that the solution is an isocurvature solution. Let us see what these
conditions mean for the perturbations.
3.7.1 Adiabatic Perturbations
An equation of state is said to be barotropic if pressure (p) is only a function of energy
density (ρ), i.e., p = p(ρ). For a barotropic equation of state we have,
p = p¯+ δp = p¯+
dp
dρ
δρ (3.66)
with,
δp
δρ
=
dp
dρ
(3.67)
p¯� =
dp¯
dτ
=
dp
dρ
ρ¯�. (3.68)
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If
δp
δρ
=
˙¯p
˙¯ρ
, from equation (3.13) we can say that,
δp
δρ
=
˙¯p
˙¯ρ
⇒ S = 0. (3.69)
This implies a barotropic state will have adiabatic perturbations. From equation (3.21)
we can say that,
δi
1 + wi
=
δj
1 + wj
(3.70)
or,
δc = δb =
3
4
δν =
3
4
δγ . (3.71)
Figure 3.1 shows qualitatively what a 2 component universe would look like with adi-
abatic initial conditions. The relative number densities of the two species is the same
throughout the space, i.e., S = 0 but the curvature changes in space.
Figure 3.1: A realisation of adiabatic initial conditions. The ﬁgure shows a two
component universe, where the curvature changes in diﬀerent positions but the relative
abundances of the two components remain the same.
Evolution of perturbations for Adiabatic initial conditions
A useful method to solve diﬀerential equations is the power series method. We consider
a general perturbation to be of the form,
ξ(τ) =
∞�
n=0
ξn
n!
(kτ)n. (3.72)
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Obtaining an analytical solution is still practically impossible, for simpliﬁcation we will
only consider the superhorizon scales for which k � H or kτ � 1. Therefore we can
compute the series up to a desired order. We will go up to O(2) to accommodate up to
second order derivatives,
ξ = ξ0 + ξ1(kτ) +
ξ2
2
(kτ)2, (3.73)
ξ� = ξ1k + ξ2k2τ, (3.74)
ξ�� = ξ2k2. (3.75)
What we need to know is ξ0 or the value of perturbations as τ → 0. We know how the
values of density contrasts are related for adiabatic perturbations,
δc0 = δb0 =
3
4
δν0 =
3
4
δγ0 . (3.76)
Now we need to relate these to the initial values of velocity, anisotropy and metric
perturbations. In synchronous gauge, at early radiation dominated epoch, the evolution
equation for baryon velocity would read as,
kvb1 +
1
τ
vb0 + kvb1 = 0, (3.77)
which implies vb0 = vb1 = 0. In the tight coupling limit vb = vγ , which in turn implies
the same relations for vγ . Considering the evolution of vγ ,
kvγ1 − k4δγ0 = 0
⇒ δγ0 = 0
⇒ δν0 = δc0 = δb0 = 0.
(3.78)
A similar work out would yield,
vν0 = 0,
Πν0 = 0,
h0 = 0.
(3.79)
The only non-zero undetermined quantity is the synchronous gauge metric perturbation
η. For getting a numerical solution we use the Boltzmann code CAMB [26]. CAMB
calculates the evolution in the units of η for the adiabatic mode. It uses η0 = −1 (see
Figure 3.2). This is equivalent of using R0 = −1 in our convention.
If you are interested in the full superhorizon solution, see for example [6, 23]. Now
with these initial conditions we are ready to calculate the numerical solutions of the
perturbations.
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Figure 3.2: Evolution of metric perturbation (η) for Adiabatic initial conditions.
CAMB [23] uses the initial value η0 = −1.
From Figure 3.3, we see that the adiabatic condition δc = δb =
3
4δγ =
3
4δν remains valid
as long as the scale remains superhorizon, i.e., kτ � 1.
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Figure 3.3: Evolution of density contrasts (δ) for adiabatic initial conditions in syn-
chronous gauge. The curves for photon (red) and baryon (black) are the same up until
decoupling, hence indistinguishable over here.
The evolution of δ for the four species is shown in Figure 3.4. Four diﬀerent scales
k = 0.001Mpc−1, k = 0.01Mpc−1, k = 0.1Mpc−1 and k = 1Mpc−1 are shown for
each species. The evolution of δγ and δb is the same due to tight coupling till about
recombination τ ∼ 270Mpc−1.
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Figure 3.4: Evolution of density contrasts of photons (γ), neutrinos (ν), baryons (b)
and CDM (c) for adiabatic initial conditions in synchronous gauge.
Coming to velocity perturbations, as can be seen from Figure 3.5, vb = vγ till about
recombination. Neutrino velocity perturbation vν starts to diﬀer with respect to the
plasma very soon, which in turn causes the neutrino anisotropy Πν to oscillate, see
Figure 3.6.
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Figure 3.5: Evolution of velocity perturbations of photons (γ), neutrinos (ν) and
baryons (b) for adiabatic initial conditions in synchronous gauge.
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Figure 3.6: Evolution of anisotropic stress of neutrinos (ν) for adiabatic initial con-
ditions in synchronous gauge.
Newtonian potential Φ can be calculated from equation (3.56) which is shown in Figure
3.7.
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Figure 3.7: Evolution of Newtonian potential Φ for adiabatic initial conditions.
3.7.2 Isocurvature Perturbations
For isocurvature perturbations we have the initial conditions R0 = 0. There are two
possible isocurvature scenarios, one is density isocurvature mode and the other is velocity
isocurvature mode.
In density isocurvature perturbations, for superhorizon scales, the density contrast δi
can be non-zero but the total δ in equation (3.16) remains zero. Figure 3.8 shows
qualitatively density isocurvature initial conditions, where the relative abundances of
two species varies in space but the curvature stays constant. There are three possible
density isocurvature modes, when baryons, CDM or neutrinos have a density contrast
diﬀerent from the total density contrast. Baryon and CDM isocurvature modes are
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indistinguishable from the CMB spectrum [27]. So we will only consider CDM and
neutrino density isocurvature modes in the thesis.
Figure 3.8: A realisation of density isocurvature initial conditions. The ﬁgure shows
a two component universe, where the curvature is constant but the relative abundances
of the two components diﬀer in diﬀerent positions.
Another possible non-decaying and non-singular isocurvature mode that can be con-
structed is from the diﬀerence between neutrino and total velocity perturbation [6]. We
can see that the diﬀerence vν − v, is also a gauge invariant quantity. We will call this
mode as neutrino velocity mode. Figure 3.9 qualitatively shows such a perturbation,
where blue particles follow a diﬀerent velocity proﬁle than the rest of the ﬂuid.
Figure 3.9: A realisation of velocity isocurvature initial conditions in comoving gauge.
The ﬁgure shows two constant time slices for a two component universe. The total ﬂuid
is at rest in comoving gauge (v = 0). The blue particles are assumed to have a much
lesser number density than the red particles, therefore v = vred = 0. Blue particles
have a diﬀerent velocity perturbation than the rest of the ﬂuid (red) (vblue − v �= 0).
Whereas the curvature and the relative number densities are constant.
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We will consider the following 3 isocurvature perturbation modes [6, 28, 29].
3.7.2.1 CDM Density Isocurvature (CDI)
This mode starts by a non-zero diﬀerence between δc and δ (= δr).
δc0 = Sc0 +
3
4
δr0 , δb0 =
3
4
δν0 =
3
4
δγ0 =
3
4
δr0 = 0. (3.80)
In synchronous gauge, the conditions that remain the same as adiabatic case are vb0 =
vγ0 , which implies δγ0 = 0. The other initial conditions also remain the same except
for δc0 which is undetermined. CAMB sets it to be +1, which through equation (3.47)
gives h0 = −2. The evolution of various perturbation quantities in synchronous gauge
are shown in the Figures 3.10-3.14.
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Figure 3.10: Evolution of metric perturbation (η) for CDI initial conditions.
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Figure 3.11: Evolution of density contrasts for CDI initial conditions in synchronous
gauge. The condition δc − 34δr = 1 remains true as long as the scale is superhorizon.
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Figure 3.12: Evolution of velocity perturbations of photons (γ), neutrinos (ν) and
baryons (b) for CDI initial conditions in synchronous gauge.
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Figure 3.13: Evolution of density contrasts of photons (γ), neutrinos (ν), baryons (b)
and CDM (c) for CDI initial conditions in synchronous gauge.
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Figure 3.14: Evolution of anisotropic stress for neutrinos ν for CDI initial conditions.
In Newtonian gauge, the density contrast δγ is related to metric perturbations as,
H−1Ψ� +Φ = −2Ψ = −1
2
δ = −1
2
δγ , (3.81)
giving
δγ = 4Ψ. (3.82)
δc is related to the metric perturbations through its evolution equation and the condition
(3.80) as,
δ�c = 3Ψ
� + S �cγ = 3Ψ�, (3.83)
which implies Scγ = constant, which is what we expected. For closing the system of
equations, we can see from equation (3.28) that Ψ�� = 0, which gives Ψ = Cτ with C
being a constant. This implies that the Newtonian potentials start from the value zero
(see Figure 3.15).
101 102 103 104
−0.16
−0.14
−0.12
−0.1
−0.08
−0.06
−0.04
−0.02
τ (in Mpc)
Φ
 , 
C
D
I
k=0.001 Mpc−1
k=0.01 Mpc−1
k=0.1 Mpc−1
k=1 Mpc−1
Figure 3.15: Evolution of Newtonian potential for CDI initial conditions.
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3.7.2.2 Neutrino Density Isocurvature (NDI)
For this mode, there is a non-vanishing density contrast diﬀerence between neutrinos
and photons or radiation,
3
4
δν0 = Sν0 +
3
4
δr0 , δc0 = δb0 =
3
4
δr0 = 0. (3.84)
The diﬀerence in this mode comes in the fact that the total δ is no longer equal to δγ
or δν but,
δr0 = fνδν0 + fγδγ0 . (3.85)
For these perturbations initial values of all perturbations except δγ0 and δν0 are zero.
CAMB uses δν0 = 1 and δγ0 = − fνfγ . The evolution of perturbation quantities in syn-
chronous gauge is shown in the Figures 3.16-3.20.
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Figure 3.16: Evolution of metric perturbation (η) for NDI initial conditions.
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Figure 3.17: Evolution of density contrasts of photons (γ), neutrinos (ν), baryons (b)
and CDM (c) for NDI initial conditions in synchronous gauge. The condition δν−δr = 1
remains true as long as the scale is superhorizon.
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Figure 3.18: Evolution of velocity perturbations of photons (γ), neutrinos (ν) and
baryons (b) for NDI initial conditions in synchronous gauge.
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Figure 3.19: Evolution of density perturbations of photons (γ), neutrinos (ν), baryons
(b) and CDM (c) for NDI initial conditions in synchronous gauge.
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Figure 3.20: Evolution of anisotropic stress of neutrinos ν for NDI initial conditions.
One distinguishing fact about this mode is that, in Newtonian gauge the metric per-
turbations Ψ and Φ start from a non-zero value. This is because the diﬀerence in
density contrasts is non-zero for the dominating species that is radiation. Let’s work
out the solutions for constant metric perturbations, i.e., Ψ =constant and Φ =constant
or Ψ� = Φ� = 0. For R = 0,
2Ψ =
2
3
(Ψ− Φ) =⇒ Φ = −2Ψ. (3.86)
Then equation (3.29) becomes,
3
�
k
H
�2
Ψ = fνΠν . (3.87)
Using this result (3.87) and (3.64) we get an expression between vν and Ψ,
Π�ν =
1
fν
6k2τΨ =
8
5
kvNν =⇒ vNν =
15
4fν
kτΨ. (3.88)
Substituting vNν in the equation for neutrino velocity perturbation,
15
4fν
kΨ =
1
4
kδNν − 2kΨ−
1
2fν
k
�
k
H
�2
Ψ (3.89)
using the condition k � H, this equation is simpliﬁed to
15
4fν
Ψ =
1
4
δNν − 2Ψ. (3.90)
Which gives δNν to be,
δNν =
�
8 +
15
fν
�
Ψ. (3.91)
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Using equation (3.86) we have δN = 4Ψ. Thus we can compute δNγ to be
δNγ = −
�
11 + 8fν
1− fν
�
Ψ. (3.92)
So now we can express Sν in terms of Ψ as,
Sν =
3
4
(δNν − δNγ ) =
3
4
�
8 +
15
fν
+
11
1− fν +
8fν
1− fν
�
Ψ
=
3
4
�
15 + 4fν
fν(1− fν)
�
Ψ
(3.93)
which gives,
Ψ =
4
3
�
fν(1− fν)
15 + 4fν
�
Sν (3.94)
and
Φ = −8
3
�
fν(1− fν)
15 + 4fν
�
Sν . (3.95)
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Figure 3.21: Evolution of Newtonian potential Φ for NDI initial conditions.
3.7.2.3 Neutrino Velocity Isocurvature (NVI)
This mode is deﬁned by non-zero initial velocities of neutrinos and photon-baryon
plasma.
vν0 − vr0 = Sνv0 . (3.96)
CAMB uses vν0 =
3
4 and vγ0 = vb0 = − 3fν4(1−fν) ∼ −0.51. The rest of the quantities have
initial values zero.
The evolution of perturbation quantities in synchronous gauge are shown in the Figures
3.22-3.26.
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Figure 3.22: Evolution of metric perturbation (η) for NVI initial conditions.
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Figure 3.23: Evolution of velocity perturbations of photons (γ), neutrinos (ν) and
baryons (b) for NVI initial conditions in synchronous gauge. The condition vν − v = 1
remains true as long as the scale remains superhorizon.
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Figure 3.24: Evolution of anisotropic stress of neutrinos ν for NVI initial conditions.
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Figure 3.25: Evolution of density perturbations of photons (γ), neutrinos (ν), baryons
(b) and CDM (c) for NVI initial conditions in synchronous gauge.
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Figure 3.26: Evolution of density contrasts of photons (γ), neutrinos (ν), baryons (b)
and CDM (c) for NVI initial conditions in synchronous gauge.
As reported in [6], the Newtonian potentials diverge as τ → 0 . But as seen in the plots
of synchronous gauge above it is only a gauge singularity and not a physical one.
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Figure 3.27: Evolution of Newtonian potential Φ for NVI initial conditions.
3.8 Inﬂationary Perturbations
Let’s now ﬁnd out how perturbations are generated during inﬂation and its consequences.
Till now we have seen the equations of motion for metric perturbations, where we split
the metric into a background and a perturbation. We do the same for the inﬂaton ﬁeld,
φ(t, �x) = φ¯(t) + δφ(t, �x). (3.97)
As we discussed before, perturbations depend on the gauge choice. The comoving curva-
ture perturbation R which is gauge independent can be expressed in terms of the inﬂaton
ﬁeld as [20],
R = −H δφ
˙¯φ
⇐⇒ Rk = −H δφk˙¯φ
, (3.98)
where φ is in spatially ﬂat gauge. For superhorizon scales (k � aH) , the expression for
spectrum of φ is,
Pφ =
�
H
2π
�2
. (3.99)
As every scale exits the horizon at a unique time, the value of H used is going to be
diﬀerent for every scale k, i.e., aH = k.
Pφ =
�
H
2π
�2
aH=k
. (3.100)
Thus the power spectrum for the comoving curvature perturbation is,
PR(k) =
�
H
˙¯φ
�2
Pφ(k) =
�
H2
2π ˙¯φ
�2
. (3.101)
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3.8.1 Spectrum in Slow-roll Inﬂation
Plugging in the values of H and φ˙ from slow-roll equations (2.37) and (2.40), we get the
expression for spectrum as,
PR(k) = 1
24π2
1
M4P l
V
�
. (3.102)
During slow-roll inﬂation V and V � change slowly and we also expect PR(k) to change
slowly. We account for this small variation with k by the spectral index n(k), given by,
n(k)− 1 = d lnPR(k)
d ln k
. (3.103)
If n(k) is independent of k, it is said to be scale-free. In this case primordial spectrum
is given by,
PR(k) = A2
�
k
kp
�n−1
. (3.104)
where kp is the reference or the pivot scale and A is the amplitude at the chosen pivot
scale.
A special case of scale-free spectrum is when the power spectrum is also constant,
PR(k) = constant (n = 1 case), then the spectrum is called scale-invariant.
If dn/dk �= 0, we call this case as running spectral index. For slow roll inﬂation, the
spectral index can be written up to the 1st order in terms of the slow-roll parameters as,
n− 1 = −6�+ 2η. (3.105)
As we know that |η| � 1 and �� 1. So the spectral index remains close to being scale
invariant.
3.8.2 Two Field Inﬂation
We studied in Section 2.6.2 that inﬂation could be caused by multiple ﬁelds. Pertur-
bations in the single ﬁeld inﬂation can only produce curvature perturbations. If we
attribute the second ﬁeld perturbation for the generation of isocurvature perturbations,
we can study isocurvature perturbations in slow roll approximation [30–32]. Let’s as-
sume two ﬁeld perturbations to be δσ and δs. Where σ is the integrated path length
along the background trajectory, which gives rise to the adiabatic perturbations. And
s is the orthogonal distance from the trajectory, which gives rise to the isocurvature
perturbations [20, 33–36].
The comoving curvature perturbation for such a system of ﬁelds is,
R = −H δσ
σ˙
. (3.106)
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And the entropy perturbation is,
S = Hδs
σ˙
. (3.107)
The spectrum of such ﬁelds would be [20],
PR∗(k) =
�
H∗
σ˙∗
�2
Pσ∗ =
�
H2∗
2πσ˙∗
�2
[1 + (−2 + 6C)�− 2Cησσ],
PS∗(k) =
�
H∗
σ˙∗
�2
PS∗ =
�
H2∗
2πσ˙∗
�2
[1 + (−2 + 2C)�− 2Cηss],
CRS∗(k) =
�
H∗
σ˙∗
�2
Cσs∗ =
�
H2∗
2πσ˙∗
�2
[−2Cησs].
(3.108)
where, C ≈ 0.729, ∗ signiﬁes that the corresponding quantity is evaluated at the horizon
exit and � and η’s are the slow roll parameters deﬁned in Section 2.6.2.
In this chapter, we discussed the possible initial conditions that give a regular solution
for the universe. Then we discussed the possibility of a second inﬂation ﬁeld giving rise
to the isocurvature perturbation. Now we need to ﬁnd a way of knowing which one of
these solutions is the solution of our universe. In the next 2 chapters we would see how
CMB is a tool for knowing the right initial conditions.
Chapter 4
Cosmic Microwave Background
Anisotropies
In the last chapter we explored the various initial conditions that the universe could have
had. In this chapter we will discuss the theory of CMB anisotropy and the spectrum
of isocurvature perturbations. We will then see if the CMB has the spectrum of an
adiabatic mode or an isocurvature mode.
4.1 Origin of the CMB
According to the Big-Bang model, the universe was ﬁlled with a hot plasma in the early
stages, with all the particles being relativistic and with every species in thermal equilib-
rium with each other. As the universe cooled, the diﬀerent particle species dropped out
of the thermal equilibrium one by one.
Photons were getting scattered from the electrons and the mean free path of photons
was limited. As a consequence of this the universe was opaque. When the universe
was about 380, 000 years old and temperature about 3000K, electrons joined nuclei to
become neutral atoms, now there was no more scattering of photons and hence the uni-
verse became transparent [18, 37].
When we observe CMB what we see are the photons which have travelled from that time
to us now, what we are actually seeing is the surface of this last scattering. We cannot
see beyond that as the universe was opaque before. Now as the universe is cooling the
present observed temperature of the CMB is T = 2.725± 0.001K [17].
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4.2 CMB Anisotropy Observation
The CMB is isotropic to a high degree. It tells us that at the time CMB was formed,
the universe was highly homogeneous. But with high precision measurements we can
detect small anisotropies (deviations from the mean temperature of T ∼ 2.725K) in the
CMB which indicate small perturbations in the early universe.
The anisotropy was ﬁrst detected in 1992 by NASA’s Cosmic Background Explorer
(COBE) satellite [38]. The angular resolution of COBE was only 7◦, meaning that it
could only detect maxima and minima of temperatures if they were separated by more
than 7◦.
Then the anisotropy measurement was improved to a very high accuracy by the Wilkin-
son Microwave Anisotropy Probe (WMAP) satellite, which was launched in 2001 by
NASA [39]. It had an angular resolution of 0.21◦. The results of WMAP are shown in
the Figure 4.1.
Figure 4.1: WMAP 9-year results [39]; blue means colder than average and yellow
means hotter than average.
4.3 Temperature Anisotropy
For quantum phenomena, theory can only give a statistical description of the observation.
CMB anisotropy is the result of quantum ﬂuctuations. What the theory predicts is the
average over all such possible universes and a variance around this average, but what we
observe is only our universe. So ﬁrst we discuss the theoretical predictions of anisotropy
and then make the correspondence with the anisotropy observed in our universe to test
the theory.
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4.3.1 Theoretical Predictions of Anisotropy
Instead of dealing with the perturbation δT , some cosmologists prefer to deal with
the dimensionless fractional perturbation δTT . Henceforth we will call the temperature
anisotropy as δTT . The temperature anisotropy
�
δT
T
�
is a function of the angles (θ, φ) over
a sphere. The contributions from diﬀerent angular scales can be separated by multipole
expansion,
δT
T
(θ, φ) =
∞�
�=2
+��
m=−�
a�mY�m(θ, φ). (4.1)
Where Y�m(θ, φ) are the spherical harmonics and a�m is a dimensionless number given
by,
a�m =
�
Y ∗�m(θ, φ)
δT
T
(θ, φ)dΩ. (4.2)
The sum in equation (4.1) starts from � = 2, let us discover why. The � = 0 term in the
multipole expansion describes the average over the sphere. Average of δT (θ, φ) must be
zero over the sphere, so this implies a00 = 0.
The � = 1 term is the dipole part meaning the anisotropy is mainly caused by the relative
motion of the observer and the ﬂuid at the surface of last scattering, i.e., δT |�=1 ∝ rˆ.vls
[18, 40, 41]. But this term is of very little use to us as it is dominated by the Doppler
eﬀect due to the motion of the solar system with respect to the surface of last scattering
and it is diﬃcult to separate out the cosmological dipole part we are interested in, so
we start from � = 2 while doing the analysis.
As said earlier, the theory only predicts the averages over all possible universes. When
said in mathematical jargon, we only get the average over an ensemble, denoted by
< >, from the theory. Now the next question is how do we calculate such an average?
Ergodic theorem comes to our rescue for this problem, which says that the average over
an ensemble is equal to the average of the quantity over all possible observers [18, 40].
Does that mean we have to measure the anisotropy from all positions in the universe
to know whether our theory is right or not? Sadly yes, but later we will see that the
theoretical predictions of interest would coincide with the observations in any universe
for higher � (or smaller length scales).
For calculating the averages, we should ﬁrst notice that due to the rotational invariance
of the universe they should be independent of direction (θ, φ). The simplest average one
can consider is �δT (θ, φ)�. An average of a quantity that describes a deviation from the
average value is zero. Hence �δT (θ, φ)� = 0 and �alm� = 0. The simplest non-trivial
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average is �δT (θ, φ)δT (θ�, φ�)�,
�
δT (θ, φ)
T
× δT (θ
�, φ�)
T
�
=
��
�m
a�mY�m(θ, φ)
�
��m�
a��m�Y��m�(θ
�, φ�)
�
=
�
���
�
mm�
Y�m(θ, φ)Y��m�(θ
�, φ�) �a�ma��m�� .
Using the properties of Y�m we get,
=
�
�
�
2�+ 1
4π
P�(rˆ · rˆ�)
�
m
�a�ma�,−m�
�
=
�
�
2�+ 1
4π
C�P�(rˆ · rˆ�),
(4.3)
where rˆ is a unit vector pointing in the direction (θ, φ) and we have deﬁned the theoretical
angular power spectrum C� to be,
C� ≡ �a�ma�,−m� = �a�ma∗�m� =
�|a�m|2� = 1
2�+ 1
�
m
�|a�m|2� . (4.4)
4.3.2 Observed Temperature Anisotropy
Coming back to a single observer. The observed temperature anisotropy has two contri-
butions, ﬁrstly
�
δT
T
�
intr
due to intrinsic temperature anisotropy of the photons at t = tdec
and secondly
�
δT
T
�
jour
due to the redshift of photons during its journey,
�
δT
T
�
obs
=
�
δT
T
�
intr
+
�
δT
T
�
jour
. (4.5)
The two terms
�
δT
T
�
jour
and
�
δT
T
�
intr
are gauge-dependent but the sum
�
δT
T
�
obs
is obvi-
ously a gauge independent quantity as it is observed.
Analogous to theoretical spectrum the observed spectrum �C� is deﬁned as,
�C� = 1
2�+ 1
�
m
|a�m|2 = 1
4π
�
d2rˆd2rˆ�P�(rˆ · rˆ�)δT (rˆ)δT (rˆ�). (4.6)
The ensemble average of Cˆ� should be equal to theoretical C� by ergodic theorem,� �C�� = C�. (4.7)
Hence the average of this diﬀerence is zero,
� �C� − C�� = 0. The quantity of interest is
the variance which is called Cosmic Variance, for Gaussian variables it is given by,�
( �C� − C�)2� = 2
2�+ 1
C2� . (4.8)
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For smaller � we cannot measure C� with accuracy by just one observation. For higher
� it is not a problem. Figure 4.2 shows the power spectrum of WMAP 9 year data. The
red plot shows the best-ﬁt theoretical model for the data, black points are the observed
data points and the blue band is the cosmic variance.
Figure 4.2: Angular power spectrum, WMAP 9-year results [39].
The red curve shows the best-ﬁt theoretical model for the data, black points are the
observed data points with their error bars and the blue band is the cosmic variance.
4.4 Spectrum for Adiabatic and Isocurvature Modes
Getting the analytical expression for C� is diﬃcult for any model, calculation of it is done
by the Boltzmann codes like CAMB [26] or CLASS [42, 43]. For approximate expressions
of the angular power spectrum, see for example [18, 44, 45]. But the dependency of the
spectrum on various parameters can be seen by looking at diﬀerent spectrum generated
by diﬀerent combinations of parameters.
For a ﬂat ΛCDM background universe, the spectrum of a mode can be speciﬁed by the
6 independent parameters; physical baryon density ωb, physical CDM density ωc, sound
horizon angle θ, optical depth τ , amplitude at a pivot scale A(k0) and the spectral index
n. We have already discussed ωb, ωc, A(k0) and n. Let’s see what θ and τ mean.
Sound horizon angle θ is the angle which sound horizon subtends at the surface of last
scattering,
θ =
rcs(tdec)
dcA(tdec)
, (4.9)
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where rcs(t) is the comoving distance sound has travelled by time of decoupling tdec with
a speed cs(t),
rs(tdec) =
� tdec
0
csdt (4.10)
and dcA(tdec) is the comoving distance to the surface of last scattering. For a ﬂat universe,
sound horizon angle is a function of θ = θ(ωb, ωc, h) [37].
The optical depth τ due to reionization is the expectation value of the number of photon
scatterings around the time of reionization trei. Due to this re-scattering the original
anisotropy gets reduced. Apart from the largest scales the spectrum C� is reduced by a
factor of e−2τ [32].
The dependency of C� on these parameters is shown in Figure 4.3. All plots in this
Section and Section 4.5 use the pivot scale k = 0.05Mpc−1. We see the following eﬀects
on varying the concerned parameters,
1. Increasing ωb increases the ﬁrst and the third peaks and decreases the second and
high � peaks.
2. Increasing ωc decreases the ﬁrst peak.
3. Increasing θ shifts the peak structure towards the left.
4. Increasing τ decreases the power at all multipoles except the smallest multipoles.
5. Increasing A increases the power at all multipoles.
6. Increasing n decreases the power at lower � and increases the power at higher �.
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Figure 4.3: Dependence of C� on the 6 independent parameters; baryon density (ωb),
CDM density (ωc), sound horizon angle (θ), optical depth (τ), amplitude at a scale
(A(k0)) and the spectral index (n) for adiabatic initial conditions.
By using the initial conditions discussed in the previous chapter, we get the angular
power spectrum C� from the expression for
δT
T . The spectrum for adiabatic and three
isocurvature modes are shown in Figure 4.4. All modes are plotted with equal ωb, ωc, θ,
τ , A and spectral index n = 1.
The spectrum looks quite diﬀerent for all the models. From the peak structure we see
that, there is a phase shift in the oscillations for all the modes. Adiabatic and neutrino
Chapter 4. Cosmic Microwave Background 48
velocity mode (NVI) are almost in phase and almost in opposite phase as CDM density
isocurvature (CDI) and neutrino density mode (NDI). The CDI mode decays very fast
at smaller scales (higher �). For lower �’s the CDI mode can give a higher contribution
than the other modes.
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Figure 4.4: Scale invariant Angular Power spectrum for adiabatic and isocurvature
modes, all with equal primordial amplitude.
The present data is strongly in favour of a nearly adiabatic spectrum. So it is clear
that the spectrum did not arise purely from isocurvature modes [46]. So what we
look for is the possibility whether the early universe had a combination of, possibly
correlated, adiabatic and isocurvature perturbations. For doing this, we need to add
more parameters to get the spectrum, this will be discussed in the next Section.
4.5 Generally Correlated Isocurvature Model
We consider a model in which the total perturbation is a superposition of adiabatic and
isocurvature perturbations. Since we are working in ﬁrst order, the evolution equations
will be linear, hence we can write [47],�
R(τ, k)
S(τ, k)
�
=
�
1 TRS(τ, k)
0 TSS(τ, k)
��
R(τ∗, k)
S(τ∗, k)
�
, (4.11)
where TRS and TSS are known as transfer functions. R(τ∗, k) and S(τ∗, k) are the initial
values for the adiabatic and isocurvature perturbations. The transfer functions project
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these initial values to the later times.
Assuming statistical homogeneity and isotropy the power spectrum of such a model
would be [48],�
[R(�k) + S(�k)] ∗ [R(�k�) + S(�k�)]
�
= (2π)3δ(3)(�k − �k�)2π
2
k3
[PR(k) + PS(k) + CRS(k) + CSR(k)]
(4.12)
where,
�
R(�k)R(�k�)
�
= (2π)3δ(3)(�k − �k�)2π
2
k3
PR(k)
�
S(�k)S(�k�)
�
= (2π)3δ(3)(�k − �k�)2π
2
k3
PS(k)
�
R(�k)S(�k�)
�
= (2π)3δ(3)(�k − �k�)2π
2
k3
CRS(k) = (2π)3δ(3)(�k − �k�)2π
2
k3
CSR(k).
(4.13)
We assume that initially the adiabatic and isocurvature perturbations are uncorrelated,
i.e., CRS∗ = 0, because CRS∗ is an order higher than PR∗ and PS∗ (see equation (3.108)).�
R(τ∗,�k)S(τ∗, �k)
�
= 0. (4.14)
Relating the terms in the power spectrum to the initial values,
PR(τ, k) = PR(τ∗, k) + T 2RS(k)PS(τ∗, k)
CRS(τ, k) = TRS(k)TSS(k)PS(τ∗, k)
PS(τ, k) = T 2SS(k)PS(τ∗, k).
(4.15)
For a model with correlated adiabatic and isocurvature perturbation, the total angular
power spectrum is,
C� = C
ar
� + C
as
� + C
iso
� + C
cor
� , (4.16)
where Car� arises from the initial adiabatic perturbation, C
as
� is from the adiabatic per-
turbation seeded by the initial isocurvature perturbation, C iso� by the initial isocurvature
perturbation and ﬁnally Ccor� is the additional contribution due to correlation between
adiabatic and isocurvature components. Writing the C�’s in terms of unit amplitudes
multiplied by their amplitudes,
C� = A
2
RCˆ
ar
� +A
2
SCˆ
as
� +B
2Cˆ iso� +ASBCˆ
cor
� , (4.17)
where the amplitudes AR, AS and B are the amplitudes in the power law approximation,
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PR = A2R
�
k
k0
�nar−1
+A2S
�
k
k0
�nas−1
PS = B2
�
k
k0
�niso−1
CSR = ASB
�
k
k0
�ncor−1
.
(4.18)
Now we have 3 diﬀerent amplitudes and 3 spectral indices. For the analysis we deﬁne a
new parameter A,
A2 = A2R +A
2
S +B
2. (4.19)
We deﬁne the isocurvature fraction and correlated fraction as,
α =
B2
A2
, γ = sign(ASB)
A2S
A2S +A
2
R
(4.20)
with α ∈ [0, 1] and γ ∈ [−1, 1]. From these parameters we get the angular power
spectrum as [48],
C� = A
2[(1− α)(1− |γ|)Cˆar�
+ (1− α)(|γ|)Cˆas�
+ αCˆ iso�
+ sign(γ)
�
α(1− α)(|γ|)Cˆcor� ].
(4.21)
We can also deﬁne a fraction αcor for the correlated component C
cor
� as,
αcor = sign(γ)
�
α(1− α)(|γ|). (4.22)
Now we have added 4 extra parameters: α, γ and 2 spectral indices nas and niso in
addition to the 6 usual parameters common for both the adiabatic and isocurvature
modes (ωb, ωc, τ , θ, A and n = nar).
For slow roll approximation (Section 3.8.2), the spectral indices can be expressed in
terms of slow roll parameters as [20, 49],
nar − 1 = −6�+ 2ησσ
nas − 1 = −2�− 4 ησsTRS + 2ηss = −2�− sign(γ)4ησs
�
1− |γ|
|γ| + 2ηss
niso − 1 = −2�+ 2ηss
(4.23)
Figure 4.5 shows generally correlated CDI, NDI and NVI models with their adiabatic,
isocurvature and correlated component. We see that for the chosen pivot scale k =
0.05Mpc−1, the correlated part in the CDI model changes sign for higher �, whereas for
NDI and NVI model the correlation preserves its sign throughout the whole multipole
range.
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Figure 4.5: Correlated CDI, NDI and NVI models, with α = 0.1, γ = 0.5 and
nar = nas = niso = 1.
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Figures 4.6-4.9 show the dependence of C�’s on the parameters α, niso, γ and ncor
respectively for NDI models. Figure 4.6 shows, the eﬀect on the spectrum on varying α,
Δα = 0.1 shows the diﬀerence in C� between the α = 0.1 model and the pure adiabatic
model. Δα = 0.2 and Δα = 0.5 are deﬁned analogously.
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Figure 4.6: Correlated NDI model, showing dependence on α.
Figure 4.7 shows how the spectrum diﬀers from purely adiabatic model on varying
niso = 0.5, 1, 1.5. We see that a lower niso would increase the power at low � and
decrease at high �.
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Figure 4.7: Correlated NDI model, showing dependence on niso.
Chapter 4. Cosmic Microwave Background 53
Figure 4.8 shows how the spectrum diﬀers from purely adiabatic model on varying
γ = 0, 1, − 1.
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Figure 4.8: Correlated NDI model, showing dependence on γ.
Finally, Figure 4.7 shows how the spectrum diﬀers from purely adiabatic model on
varying ncor = 0.5, 1, 1.5.
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Figure 4.9: Correlated NDI model, showing dependence on ncor.
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4.6 Spectrum from Tensor Perturbations
Like we got the spectrum from scalar part of the perturbations, we can also get an
angular power spectrum from vector and tensor part of the perturbations. Vector per-
turbations decay with time [18]. Hence we consider only scalar and tensor perturbations
in the thesis. The scale invariant spectrum obtained from tensor and scalar perturbations
with equal primordial amplitudes is shown in Figure 4.10. Adiabatic initial conditions
have been used for scalar perturbations.
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Figure 4.10: Angular power spectrum from scalar (adiabatic) and tensor perturba-
tions.
Analogous to scalar perturbations, the spectrum of tensor perturbations is given by the
power law,
PT = A2T
�
k
k0
�nT
. (4.24)
Note that the tensor spectral index nT , is deﬁned diﬀerently as compared to the scalar
spectral index.
Similar to correlated isocurvature models discussed in the previous Section, we can con-
sider a model with the total contribution coming from scalar and tensor perturbations,
as the scalar and tensor perturbations do not mix in the ﬁrst order theory, there is no
correlated component over here.
We can parametrize such a model with the ratio of primordial amplitudes of tensor and
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scalar perturbations,
r(k) =
PT (k)
PR(k) . (4.25)
For slow-roll 2-ﬁeld inﬂation, r and nT can be written in terms of slow-roll parameter �
as [20, 48],
r(k) =
16�
1 + T 2RS(k)
= 16�(1− |γ(k)|)
nT = −2�.
(4.26)
The general total spectrum in this case becomes [48],
C� = A
2[(1− α)(1− |γ|)Cˆar�
+ (1− α)(|γ|)Cˆas�
+ αCˆ iso�
+ sign(γ)
�
α(1− α)(|γ|)Cˆcor�
+ (1− α)rCˆT� ],
(4.27)
where CˆT� is the unit tensor contribution to the spectrum.
The total spectrum obtained from such a model with r = 0.1, 0.5 and 1 is shown in
Figure 4.11 and r = 0 curve shows the purely scalar adiabatic case (α = γ = 0). The
curves Δr show the diﬀerence between such a model and purely scalar case.
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Figure 4.11: Spectrum from mixed scalar and tensor perturbations Model.
Chapter 5
Constraining the Isocurvature
In the previous chapter, we discussed how a set of parameters describe the theoretical
angular power spectrum C�. Now what we should do is to devise a way to know what
parameters values best describe the observed spectrum.
But every measurement has an error or uncertainty associated with it and we saw in the
previous chapter that diﬀerent sets of parameter values can result in a similar spectrum.
So, we cannot determine exactly the parameter values that result in the observed spectra.
What we are interested is not the particular values but the parameter ranges that the
observation allows. In other words, every parameter has a probabilistic range which
favours the data and we want to ﬁnd that range.
What we also discussed in the previous chapter was that the number of parameters
depend on the model being considered. The parameters ranges would also depend on
the model being considered. So what we also want to know is what model is favoured
over the others.
In this chapter we will discuss how to do these tasks and in the end we will discuss our
results after using CMB data.
5.1 Data
With our theory ready, we are ready to compare the results we expect with the CMB
data collected from various experiments. We use 3 CMB datasets; Nine-Year Wilkin-
son Microwave Anisotropy Probe (WMAP) [17, 39], the complete Arcminute Cosmol-
ogy Bolometer Array Receiver (ACBAR) [50, 51] and QUEST at DASI (QUaD) [52–
54](QUEST = Q and U Extragalactic Survey Telescope, DASI = Degree Angular Scale
Interferometer).
56
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Figure 5.1: Angular power spectrum C� data points along with error bars from
WMAP, ACBAR and QUaD experiments
5.2 Bayesian Model Selection and Parameter Fitting
We denote the data measured D as a set of 2 column vectors {Y measi , σi},
D = {Y measi , σi}Ni=1 . (5.1)
Here Y measi , is the mean value of the measurements and σi is the error associated with
the measurements at the point i, when we have N data points.
We deﬁne likelihood of the data L(D) as the conditional probability of the data given
the model (M) and the parameter values {θα},
L(D) = L(D| {θα} ,M). (5.2)
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For a particular model Y thi and for uncorrelated error estimates σi associated with the
data,
− 2 lnL = χ2 =
N�
i=1
�
Y thi − Y measi
�2
σ2i
. (5.3)
By Bayes’ theorem we can say that,
p({θα} |D,M) = L(D| {θα} ,M)× π({θα} |M)
p(D|M) . (5.4)
p({θα} |D,M) is called the posterior of the parameters θα given the data and the model.
π({θα} |M) is called the prior for the parameters θα given the model and p(D|M) is
called the evidence of the model [55].
The evidence is the condition probability of the data given the model is true. Integrating
equation (5.4) over the whole parameter space,�
p({θα} |D,M)dθ1....dθk =
� L(D| {θα} ,M)× π({θα} |M)
p(D|M) dθ1....dθk = 1. (5.5)
Thus the evidence can be calculated by,
Z(M) = p(D|M) =
�
L(D| {θα} ,M)× π({θα} |M)dθ1....dθk. (5.6)
For a ﬂat prior π({θα} |M) = 1
V
, where V is the prior parameter volume, evidence Z(M)
is given by,
Z(M) = 1
V
�
L(D| {θα} ,M)dθ1....dθk. (5.7)
What we have calculated is p(D|M) but what we need is to calculate is p(M |D), i.e.,
the probability of the model given the data. So we apply Bayes’ theorem again,
p(M |D) = p(D|M)π(M)
p(D)
=
Z(M)π(M)
p(D)
.
(5.8)
Note that π(M) over here is the probability of the particular model M out of the whole
set of possible models. If there is no reason to prefer one model over the other, we can
take this to be ﬂat too. What we are interested is in the comparison between the models,
p(M1|D)
p(M2|D) =
Z(M1)
Z(M2) = B1,2. (5.9)
B1,2 is known as the Bayes’ factor, we will evaluate this quantity to classify the models
as favourable and unfavourable.
Our tasks are to calculate the posteriors for parameters p({θα} |D,M) and the Bayesian
Chapter 5. Constraining the Isocurvature 59
factors B1,2. For doing this we have to scan the parameter space for calculating the
integral in equation (5.6). There are many ways of doing this, the simplest is a brute
force method known as the grid method. In this method, we scan the entire parameter
space using a regular grid. This is very slow, we have to devote the computing time
for points which have very small likelihood values. When the dimension of parameter
space is higher, this process becomes painstakingly slow. There have been devised better
algorithms, for doing this task. What we need to do is identify a region in the parameter
space which has a higher likelihood and spend more computing time in that region and
not to waste time on the low likelihood regions. The sampling method we use is Nested
Sampling algorithm. The process in detail is described in [55, 56] and application of
Bayes’ model comparison is also described in [57–59]. To tell the algorithm in brief, we
sample N points in the parameter space, then we take out the point θl which has the
least likelihood Ll. Now we are left with N − 1 points and we store the discarded point.
Next we pick up a new point which has a higher likelihood value than Ll. We repeat
these steps till we end up in a good ﬁt region.
For sampling the parameter space we use the MultiNest package [60] that is based on
nested sampling algorithm interfaced with CosmoMC [61].
5.3 Results, Amplitude Parametrization
In this Section we discuss the results obtained by employing nested sampling algorithm
for CMB data. Till now we had speciﬁed one pivot scale and a spectral index for all the
modes. Now instead of specifying one pivot scale we specify two, by doing this we trade
of the role of spectral index by the amplitude at the 2nd pivot scale, from which we can
compute the spectral index, this is what we will call the amplitude parametrization. We
have used the following two pivot scales,
k1 = 0.002Mpc
−1
k2 = 0.05Mpc
−1.
(5.10)
And we will call all the variables calculated at these pivots by their respective subscripts
i.e. α1, α2, A1 etc. We will map our results to an intermediate scale k0 = 0.01Mpc
−1,
for comparison to the slow-roll parametrization later.
From the basic parameters we can get the ranges for the derived parameters, ΩΛ, H0,
nar, nas, niso etc. Moreover we deﬁne some additional derived parameters which we use
in the analysis, which help understanding the results. Firstly, a parameter that provides
the information about the total non-adiabatic contribution to the CMB temperature
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variance,
αT =
�2100
�=2 (2�+ 1)(C
iso
� + C
cor
� )�2100
�=2 (2�+ 1)(C
ar
� + C
as
� + C
iso
� + C
cor
� )
. (5.11)
Secondly, we deﬁne an eﬀective adiabatic spectral index, neﬀad,
neﬀad − 1 =
d lnPR
d ln k
���
k=0.01Mpc−1
. (5.12)
We would use the parameter r˜(k) =
r(k)
1− |γ(k)| , for constraining tensor perturbations
in amplitude parametrization. If data favours slow-roll inﬂation, our new parameter
becomes,
r˜ = 16�. (5.13)
The tensor to scalar ratio r(k) was related to observables PT and PR. Our new parameter
r˜(k) is related to physical phenomena during the inﬂation era through the slow-roll
parameter �. In the general case, when we let γ to vary, r(k) is forced to be zero, when
fully correlated or anti-correlated models |γ| → 1 are approached. But now our new
parameter r˜ is independent of γ and hence we can scan the parameter space better for
constraining tensor fraction.
For constraining the tensor spectral index nT , we assume the inﬂationary consistency
relation (from equation (4.26)),
nT = − r0
8(1− |γ0|) = −
r˜0
8
. (5.14)
If we had used r0, we would have encountered the same problem for nT , when we
approached the limit |γ| → 1. The spectral index nT would have been forced to be
nT → ∞, even if we want to use inﬂationary consistency nT ∼ 0. But now again our
new parameter r˜0 comes to the rescue.
We use the following prior ranges for the parameters common to both adiabatic and
isocurvature modes,
Parameter Explanation Range
ωb Physical baryon density, ωb = h
2Ωb (0.010, 0.050)
ωc Physical cold dark matter density, ωc = h
2Ωc (0.02, 0.30)
100θ Sound horizon angle, θ (0.5, 2.2)
τ Optical depth to reionization (0.02, 0.30)
ln(1010A21) Overall primordial perturbation power at k1, A
2
1 (1.0, 7.0)
ln(1010A22) Overall primordial perturbation power at k2, A
2
2 (1.0, 7.0)
We use the following priors for the parameters describing a generally correlated adiabatic
and isocurvature model,
Chapter 5. Constraining the Isocurvature 61
α1 (0, 1.0)
α2 (0, 1.0)
γ1 (-1.0, 1.0)
|γ2| (0, 1.0)
r˜ (0, 1.35)
First we will discuss the general case, where we do not put a condition on the correlation
γ and let it be a free parameter, then we will move onto the special cases, γ = 0, γ = +1
and γ = −1.
5.3.1 General case
The marginalized 1-d posterior probabilities for generally correlated adiabatic and isocur-
vature models compared to the pure adiabatic model are shown in Figure 5.2 and 5.3.
The median values and 68% or 95% conﬁdence level intervals are tabulated in tables
5.1, 5.2, and 5.3. The tables also include the Bayesian evidence factor (− logZ) for the
models considered.
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Figure 5.2: Posteriors for primary parameters in generally correlated neutrino density,
neutrino velocity and CDM isocurvature models compared to the pure adiabatic model
in amplitude parametrization.
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Figure 5.3: Posteriors for derived parameters in correlated neutrino density, neu-
trino velocity and CDM isocurvature models compared to the pure adiabatic model in
amplitude parametrization.
The isocurvature models prefer a smaller value for CDM energy density ωc than the pure
adiabatic model. This as we saw in Figure 4.3, results in the increase of the ﬁrst peak
of the spectrum. This eﬀect can be compensated by decreasing ωb, this is the case for
CDI and NVI but not for NDI. For NDI, this is achieved by a decrease in the amplitude
A1. Note that even for CDI, A1 prefers a smaller value, this is due to considerable
contribution to the total spectrum at low � (see Figure 4.4). For smaller scales (high �)
the contribution from isocurvature modes become smaller and hence the CDI model can
aﬀord a higher A2. For NDI, higher ωb forces A2 to be smaller.
We see that for NDI and CDI mode, a positive correlation with adiabatic mode is pre-
ferred by the data, whereas for the neutrino velocity isocurvature mode, a negative
correlation is preferred. This can be explained by seeing the angular power spectrum in
Figure 4.4, where the neutrino density and CDM isocurvature modes are oﬀ-phase and
neutrino velocity mode is in-phase with the adiabatic mode. There is a diﬀerence in the
position of the ﬁrst peak, NVI mode has the peak at a lower � than the adiabatic mode.
So when we consider a mixed model, NVI component tries to shift the peak to a lower
�, so the correlation term can nullify this by preferring a negative value.
The CMB data allow for a small isocurvature fraction α, but does not show any clear
preference for a non-zero isocurvature contribution. The limits to the isocurvature frac-
tion at scales k1 = 0.002Mpc
−1 and k0 = 0.01Mpc−1 are weaker for the neutrino modes
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than for the CDM modes, but at scale k2 = 0.05Mpc
−1 they are stronger. At higher �,
the CDM gives a lower contribution to the total spectrum, thus giving it a freedom to
have a higher limit on α2 and thus a smaller isocurvature spectral index is preferred for
the neutrino modes than for the CDM mode.
From Figure 5.3 we see that the neutrino modes allow a larger nonadiabatic contribu-
tion, αT to the CMB temperature variance than the CDM mode. This is because the
C� contribution from the CDI mode receives minimal correction at higher �, see Figure
4.4.
5.3.2 Special cases
5.3.2.1 Uncorrelated Models, γ = 0
In the uncorrelated case there is no Pas(k) spectrum, and therefore we have two param-
eters less. The 9 independent parameters now are,
ωb , ωc , θ , τ , lnA
2
1 , lnA
2
2 , α1 , α2, r˜0. (5.15)
The marginalized 1-d posteriors for this model are indicated by the γ = 0 curves for the
NDI model in Figure 5.4, for NVI model in Figure 5.5 and for CDI model in Figure 5.6.
The contribution to C� only comes from C
ar
� , C
iso
� and C
T
� ,
C� = A
2[(1− α)Cˆar� + αCˆ iso� + (1− α)rCˆT� ]. (5.16)
For amplitude parametrization, the uncorrelated case allows a much larger isocurvature
fraction at all scales. The contribution from Cˆ iso� is less as compared to Cˆ
ar
� , the major
change to the total spectrum came from the Cˆcor� term in the general case (see Figure 4.5),
hence a larger value of α would not change the total C� much. The upper limit to α1
is < 0.242, < 0.111 and < 0.196 for NDI, CDI and NVI modes respectively and for α2
they are < 0.400, < 0.500 and < 0.198 respectively.
In NDI and CDI, for preserving the nearly adiabatic nature of the spectrum neﬀad comes
out to be larger than the adiabatic case and niso to be smaller than the general case. The
total non-adiabatic contribution αT has a smaller value. For NVI model, the baryon
density ωb is larger than the adiabatic case, unlike the general case, making the ﬁrst
peak of the spectrum to be higher and this is compensated by the lower A0.
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Figure 5.4: Posteriors of parameters for NDI models in amplitude parametrization.
Parameter C.L General case γ = 0 Adiabatic
ωb 68% 0.0228 (0.0222, 0.0235) 0.0238 (0.0231, 0.0245) 0.0231 (0.0225, 0.0237)
ωc 68% 0.1071 (0.1020, 0.1122) 0.1075 (0.1024, 0.1126) 0.1093 (0.1040, 0.1146)
100θ 68% 1.0484 (1.0451, 1.0521) 1.0412 (1.0390, 1.0433) 1.0419 (1.0398, 1.0440)
τ 68% 0.0898 (0.0760, 0.1040) 0.0893 (0.0765, 0.1041) 0.0899 (0.0757, 0.1045)
ΩΛ 68% 0.7744 (0.7482, 0.7984) 0.7596 (0.7326, 0.7840) 0.7508 (0.7221, 0.7769)
H0 68% 75.89 (73.05, 78.85) 73.87 (71.33, 76.70) 72.95 (70.27, 75.69)
ln[1010A20] 68% 3.1895 (3.1399, 3.2402) 3.1462 (3.1005, 3.1930) 3.1038 (3.0641, 3.1422)
neffad 68% 0.9948 (0.9680, 1.0265) 0.9958 (0.9777, 1.0171) 0.9859 (0.9685, 1.0041)
γ1 95% < -0.0588
γ2 95% < -0.0604
α1 95% < 0.1245 < 0.1961
α2 95% < 0.1349 < 0.1976
r˜ 95% < 0.6213 < 0.3088 < 0.3334
γ0 95% < -0.0637
α0 95% < 0.0997 < 0.1617
nar 95% 0.9935 (0.7785, 1.1985) 0.9958 (0.9607, 1.0390) 0.9859 (0.9545, 1.0236)
nas 95% 1.0009 (0.7213, 1.3083)
niso 95% 1.1454 (0.0329, 2.4865) 1.0528 (0.4302, 1.7779)
r0 95% < 0.2489 < 0.3088 < 0.3334
αcor0 95% -0.0907 (-0.1636, -0.0333)
αT 95% -0.0635 (-0.1267, -0.0091) < 0.0576
− lnZ 3905.57 3903.96 3901.17
Table 5.1: Adiabatic and correlated neutrino velocity isocurvature model,
amplitude parametrization. The median values and conﬁdence limits (C.L.) in
parenthesis.
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Figure 5.5: Posteriors of parameters for NVI models in amplitude parametrization.
5.3.2.2 Fully Correlated (γ = 1) and Anti Correlated (γ = −1) Models
In the fully correlated and anti correlated models, the tensor contribution is zero upto
ﬁrst order (see equation (4.26)). So, we assume no tensor perturbations for this case.
Also from equation (4.23), for this case we have nas = niso, so we ﬁx α1 = α2 and we
just have 7 independent parameters,
ωb, ωc, θ, τ, lnA
2
1, lnA
2
2, α1 = α2. (5.17)
Since NVI mode originates after neutrino decoupling or much after the time of inﬂation,
for fully correlated (γ = 1) and anti correlated (γ = −1) NVI models, the whole adiabatic
contribution would be seeded by NVI mode after neutrino decoupling. It seems unlikely
that there was no curvature perturbation before the decoupling after inﬂation. For
this reason we only consider CDI and NDI models for γ = 1 and γ = −1 cases. The
marginalized 1-d posteriors for these models are shown in Figure 5.4 and 5.6.
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Figure 5.6: Posteriors of parameters for CDI models in amplitude parametrization.
The anti correlated case prefers a smaller value of ωb and larger ωc, both of which
decrease the height of the peaks, this is compensated by a larger amplitude (A).
The total C� for this model is,
C� = A
2[(1− α)Cˆas� + αCˆ iso� + sign(γ)
�
α(1− α)Cˆcor� ]. (5.18)
As there is no Car� component, the adiabatic mode of the spectrum is suppressed by
(1−α) factor. For preserving the adiabatic nature of spectrum, α has to be small, thus
we get a tightly constrained isocurvature fraction α for both the cases, γ = ±1.
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Parameter C.L General case γ = 0 γ = 1 γ = −1
ωb 68% 0.0239 (0.0233, 0.0246) 0.0239 (0.0232, 0.0247) 0.0233 (0.0227, 0.0238) 0.0224 (0.0219, 0.0229)
ωc 68% 0.1054 (0.1004, 0.1104) 0.1049 (0.0995, 0.1102) 0.1094 (0.1048, 0.1140) 0.1145 (0.1102, 0.1191)
100θ 68% 1.0488 (1.0447, 1.0526) 1.0452 (1.0425, 1.0482) 1.0457 (1.0428, 1.0486) 1.0389 (1.0364, 1.0411)
τ 68% 0.0896 (0.0753, 0.1035) 0.0911 (0.0776, 0.1065) 0.0872 (0.0746, 0.1011) 0.0884 (0.0756, 0.1023)
ΩΛ 68% 0.7852 (0.7586, 0.8090) 0.7800 (0.7525, 0.8070) 0.7602 (0.7346, 0.7835) 0.7147 (0.6865, 0.7388)
H0 68% 77.56 (74.31, 81.01) 76.49 (73.35, 80.16) 74.35 (71.69, 77.11) 69.28 (67.02, 71.47)
ln[1010A20] 68% 3.0713 (3.0260, 3.1323) 3.2032 (3.1360, 3.2840) 3.0717 (3.0342, 3.1120) 3.1649 (3.1300, 3.2067)
neffad 68% 0.9835 (0.9640, 1.0042) 0.9997 (0.9811, 1.0204) 0.9850 (0.9718, 0.9992) 0.9638 (0.9509, 0.9769)
γ1 95% > -0.1137
γ2 95% > -0.0894
α1 95% < 0.0980 < 0.2421 < 0.0303 < 0.0093
α2 95% < 0.2713 < 0.4003 < 0.0303 < 0.0093
r˜0 95% < 0.4751 < 0.2866
γ0 95% > -0.1004
α0 95% < 0.1414 < 0.2816 < 0.0303 < 0.0093
nar 95% 0.9846 (0.8025, 1.1361) 0.9997 (0.9651, 1.0427)
nas 95% 0.9837 (0.6240, 1.2896) 0.9850 (0.9593, 1.0116) 0.9638 (0.9377, 0.9889)
niso 95% 1.4508 (0.5678, 2.1718) 1.2465 (0.6096, 1.8885) 0.9850 (0.9593, 1.0116) 0.9638 (0.9377, 0.9889)
r0 95% < 0.2414 < 0.2866
αcor0 95% 0.0961 (-0.0824, 0.1808) 0.0846 (0.0184, 0.1713) -0.0389 (-0.0960, -0.0067)
αT 95% 0.0580 (-0.0486, 0.1028) < 0.0531 0.0462 (0.0104, 0.0916) -0.0230 (-0.0593, -0.0039)
− lnZ 3905.78 3902.38 3902.73 3905.35
Table 5.2: Correlated neutrino density isocurvature model, amplitude
parametrization. The median values and conﬁdence limits (C.L.) in parenthesis.
Amplitude C.L General case γ = 0 γ = 1 γ = −1
ωb 68% 0.0229 (0.0223, 0.0236) 0.0237 (0.0230, 0.0244) 0.0230 (0.0225, 0.0235) 0.0225 (0.0221, 0.0230)
ωc 68% 0.1052 (0.1002, 0.1105) 0.1062 (0.1007, 0.1113) 0.1079 (0.1030, 0.1126) 0.1162 (0.1113, 0.1212)
100θ 68% 1.0472 (1.0435, 1.0505) 1.0436 (1.0415, 1.0459) 1.0438 (1.0415, 1.0462) 1.0391 (1.0370, 1.0412)
τ 68% 0.0906 (0.0772, 0.1046) 0.0922 (0.0790, 0.1067) 0.0866 (0.0741, 0.1007) 0.0903 (0.0764, 0.1046)
ΩΛ 68% 0.7798 (0.7526, 0.8029) 0.7700 (0.7430, 0.7976) 0.7611 (0.7366, 0.7849) 0.7076 (0.6768, 0.7342)
H0 68% 76.24 (73.26, 79.26) 75.16 (72.40, 78.60) 74.02 (71.59, 76.67) 68.85 (66.59, 71.17)
ln[1010A20] 68% 3.0931 (3.0540, 3.1404) 3.1725 (3.1211, 3.2281) 3.0859 (3.0498, 3.1223) 3.1689 (3.1316, 3.2074)
neffad 68% 0.9961 (0.9788, 1.0149) 1.0030 (0.9839, 1.0261) 0.9902 (0.9751, 1.0064) 0.9575 (0.9430, 0.9712)
γ1 95% > -0.1275
γ2 95% > -0.1042
α1 95% < 0.0454 < 0.1114 < 0.0148 < 0.0073
α2 95% < 0.3815 < 0.5012 < 0.0148 < 0.0073
r˜0 95% < 0.5238 < 0.2925
γ0 95% > -0.1126
α0 95% < 0.0955 < 0.2110 < 0.0148 < 0.0073
nar 95% 0.9964 (0.8057, 1.1627) 1.0030 (0.9673, 1.0506)
nas 95% 0.9995 (0.6086, 1.3376) 0.9902 (0.9611, 1.0218) 0.9575 (0.9284, 0.9845)
niso 95% 2.0523 (0.8075, 3.3592) 1.7338 (0.9795, 2.7873) 0.9902 (0.9611, 1.0218) 0.9575 (0.9284, 0.9845)
r0 95% < 0.2571 < 0.2925
αcor0 95% 0.0747 (-0.0770, 0.1499) 0.0531 (0.0100, 0.1206) -0.0368 (-0.0852, -0.0063)
αT 95% 0.0209 (-0.0295, 0.0467) < 0.0358 0.0272 (0.0055, 0.0582) -0.0214 (-0.0532, -0.0035)
− lnZ 3905.93 3902.82 3904.71 3905.49
Table 5.3: Correlated CDM density isocurvature models, amplitude
parametrization. The median values and conﬁdence limits (C.L.) in parenthesis.
5.4 Results, Slow-roll Parametrization
For amplitude parametrization, the spectral indices were kept free, but if we use equation
(4.23) to force the spectral indices to be close to 1 by assuming slow-roll parameters to
be small, we will get a nearly scale invariant spectrum. For this parametrization, as
the spectrum is going to be nearly scale invariant, we use just one pivot scale, k0 =
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0.01Mpc−1 and the set of free parameters is,
ωb, ωc, τ, θ, A0, ησs, ηss, ησσ, �, γ0, α0. (5.19)
Like in Section 5.3.2.2, it is diﬃcult to motivate a correlated NVI model for slow-roll
inﬂationary scenario. NVI mode occurs much after inﬂation, so constraining correlated
NVI model in slow-roll parametrization does not make sense. So, we only consider NDI
and CDI models over here.
5.4.1 General case
Figure 5.7 shows marginalized 1-d posterior probability densities for the parameters in
the slow-roll parametrization. The parameter median values and the conﬁdence limits
are provided in tables 5.4, 5.5 and 5.6.
Now the spectrum is forced to be close to scale invariance, which leaves less freedom
for the parameters α0 and γ0. Thus, slow-roll parametrization has a tighter upper limit
on the isocurvature fractions, α0 < 0.042 and < 0.030 for neutrino density and CDM
respectively. The correlated curvature perturbation fraction γ0 prefers a positive value
for the neutrino density mode but it is almost symmetric about zero for the CDM mode.
The explanation for this can be seen in the (almost) scale invariant spectra of Figure 4.5.
The correlated component in the CDI model keeps on changing sign and the contribution
due to it is minimal in the slow-roll case. So γ0 has the liberty of having both positive
and negative values, whichever ﬁts the data well for the selected parameters. The same
reasoning is valid for αT and αcor0, neutrino density prefers a positive sign but for CDM
there is no preference.
Parameter C.L Adiabatic
ωb 68% 0.0231( 0.0226, 0.0237)
ωc 68% 0.1095( 0.1046, 0.1143)
θ 68% 1.0419( 1.0398, 1.0439)
τ 68% 0.0907( 0.0764, 0.1043)
ln[1010A20] 68% 3.1046( 3.0676, 3.1425)
ΩΛ 68% 0.7490( 0.7239, 0.7749)
H0 68% 72.88( 70.38, 75.50)
neffad 68% 0.9861( 0.9697, 1.0028)
ησσ 95% 0.0152( -0.0187, 0.0634)
nar 95% 0.9861( 0.9546, 1.0183)
− lnZ 3898.92
Table 5.4: Adiabatic model, slow-roll parameterization. The median values
and conﬁdence limits (C.L.) in parenthesis.
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Figure 5.7: Posteriors of the primary parameters for general NDI and CDI models
compared to pure adiabatic model in slow-roll parametrization.
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Figure 5.8: Posteriors of the derived parameters for general NDI and CDI models
compared to pure adiabatic model in slow-roll parametrization.
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Figure 5.9: Posteriors of parameters for special cases for NDI models in slow-roll
parametrization.
5.4.2 Special cases
5.4.2.1 Uncorrelated Models, γ0 = 0
As in amplitude parametrization, in the uncorrelated case there is no Pas(k) spectrum,
and we have only 9 independent parameters,
ωb , ωc , θ , τ , lnA
2
0 , ηss , ησσ, α0 , �. (5.20)
The marginalized 1-d posteriors for these models are shown in Figures 5.9 and 5.10.
The isocurvature spectral index niso is not constrained and the posterior is almost ﬂat
unlike the general case. It is because in the general case nas was forced to be close to
1, thus putting a condition on γ, ησs and ηss. Now that nas is absent, ηss will only
determine niso, as the isocurvature component does not contribute much for the γ = 0
case as discussed in amplitude parametrization, ηss and niso are ﬂat.
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Figure 5.10: Posteriors of parameters for special cases for CDI models in slow-roll
parametrization.
5.4.2.2 Fully Correlated (γ = 1) and Anti Correlated (γ = −1) Models
The set of free parameters for this case is,
ωb , ωc , θ , τ , lnA
2
0 , ηss , ησs , α0 . (5.21)
The marginalized 1-d posteriors for this model are shown in Figure 5.9 and Figure 5.10.
The results for this case are very similar to the amplitude parametrization, because the
spectral indices were very close to 1 in that case too.
5.5 Bayesian Evidences
Bayesian Evidences for all 20 models are tabulated in Table 5.7. From the values of
− lnZ, we can see that the adiabatic model in slow roll parametrization is the most
favoured model by the data. The (− lnB) column shows the diﬀerence between negative
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Parameter C.L General case γ = 0 γ = 1 γ = −1
ωb 68% 0.0234 (0.0229, 0.0240) 0.0236 (0.0229, 0.0243) 0.0233 (0.0228, 0.0239) 0.0224 (0.0219, 0.0229)
ωc 68% 0.1077 (0.1030, 0.1122) 0.1064 (0.1010, 0.1114) 0.1092 (0.1046, 0.1136) 0.1145 (0.1102, 0.1190)
θ 68% 1.0454 (1.0428, 1.0484) 1.0437 (1.0413, 1.0464) 1.0457 (1.0431, 1.0486) 1.0390 (1.0365, 1.0411)
τ 68% 0.0876 (0.0752, 0.1014) 0.0901 (0.0768, 0.1041) 0.0884 (0.0749, 0.1014) 0.0891 (0.0755, 0.1025)
ln[1010A20] 68% 3.0686 (3.0312, 3.1081) 3.1739 (3.1167, 3.2499) 3.0710 (3.0355, 3.1098) 3.1663 (3.1307, 3.2057)
ΩΛ 68% 0.7669 (0.7427, 0.7905) 0.7699 (0.7427, 0.7966) 0.7611 (0.7364, 0.7847) 0.7151 (0.6865, 0.7397)
H0 68% 75.02 (72.46, 77.89) 75.13 (72.19, 78.48) 74.47 (71.84, 77.26) 69.33 (67.06, 71.53)
neffad 68% 0.9879 (0.9742, 1.0026) 0.9982 (0.9805, 1.0178) 0.9853 (0.9720, 0.9990) 0.9639 (0.9509, 0.9766)
γ0 95% > -0.3178
α0 95% < 0.0568 < 0.2482 < 0.0280 < 0.0104
ησσ 95% p.r. 0.0146 (-0.0129, 0.0641)
ησs 95% p.r.
ηss 95% p.r. p.r.
ε 95% < 0.0570 < 0.0152
ηss − ε 95% -0.0073 (-0.0202, 0.0061) -0.0180 (-0.0311, -0.0056)
nar 95% 0.9486 (0.6564, 1.0805) 0.9982 (0.9649, 1.0400)
nas 95% 0.9981 (0.8459, 1.1719) 0.9853 (0.9595, 1.0122) 0.9639 (0.9378, 0.9888)
niso 95% 0.9957 (0.8548, 1.1206) 1.0129 (0.8475, 1.1325) 0.9853 (0.9595, 1.0122) 0.9639 (0.9378, 0.9888)
r0 95% < 0.1909 < 0.2439
αcor0 95% 0.0729 (-0.0424, 0.1535) 0.0848 (0.0194, 0.1649) -0.0378 (-0.1015, -0.0061)
αT 95% 0.0405 (-0.0222, 0.0840) < 0.0503 0.0463 (0.0110, 0.0881) -0.0222 (-0.0623, -0.0035)
− lnZ 3901.52 3900.19 3901.09 3903.60
Table 5.5: Correlated NDI models, slow-roll parametrization. The median
values and conﬁdence limits (C.L.) in parenthesis. For some parameters the whole prior
range (p.r.) is allowed by the data.
Parameter C.L General case γ = 0 γ = 1 γ = −1
ωb 68% 0.0231 (0.0226, 0.0236) 0.0234 (0.0228, 0.0241) 0.0230 (0.0225, 0.0235) 0.0225 (0.0220, 0.0230)
ωc 68% 0.1088 (0.1029, 0.1150) 0.1068 (0.1018, 0.1119) 0.1077 (0.1029, 0.1129) 0.1164 (0.1113, 0.1215)
θ 68% 1.0421 (1.0390, 1.0452) 1.0426 (1.0405, 1.0447) 1.0440 (1.0417, 1.0464) 1.0390 (1.0368, 1.0413)
τ 68% 0.0894 (0.0763, 0.1030) 0.0894 (0.0757, 0.1037) 0.0862 (0.0733, 0.1003) 0.0904 (0.0757, 0.1059)
ln[1010A20] 68% 3.1042 (3.0558, 3.1660) 3.1207 (3.0812, 3.1595) 3.0836 (3.0469, 3.1227) 3.1706 (3.1333, 3.2105)
ΩΛ 68% 0.7539 (0.7162, 0.7851) 0.7650 (0.7379, 0.7896) 0.7620 (0.7360, 0.7858) 0.7062 (0.6725, 0.7356)
H0 68% 73.15 (69.62, 76.75) 74.43 (71.72, 77.31) 74.09 (71.62, 76.91) 68.78 (66.23, 71.27)
neffad 68% 0.9848 (0.9623, 1.0042) 0.9973 (0.9796, 1.0168) 0.9905 (0.9757, 1.0071) 0.9565 (0.9412, 0.9716)
γ0 95% p.r.
α0 95% < 0.0298 < 0.1171 < 0.0125 < 0.0064
ησσ 95% p.r. 0.0154 (-0.0134, 0.0628)
ησs 95% p.r.
ηss 95% p.r. p.r.
ε 95% < 0.0378 < 0.0157
ηss − ε 95% -0.0048 (-0.0193, 0.0113 ) -0.2176 (-0.0369, -0.0068)
nar 95% 0.9657 (0.7220, 1.0712) 0.9973 (0.9636, 1.0370)
nas 95% 0.9938 (0.6802, 1.1844) 0.9905 (0.9613, 1.0226) 0.9565 (0.9263, 0.9863)
niso 95% 0.9889 (0.8459, 1.1219) 1.0199 (0.8481, 1.1355) 0.9905 (0.9613, 1.0226) 0.9565 (0.9263, 0.9863)
r0 95% < 0.2033 < 0.2516
αcor0 95% 0.0167 (-0.0836, 0.1004) 0.0542 (0.0113, 0.1249) -0.0379 (-0.0871, -0.0076)
αT 95% 0.0093 (-0.0448, 0.0497) < 0.0404 0.3607 (0.0083, 0.0541) -0.0219 (-0.0550, -0.0043)
− lnZ 3902.87 3901.74 3902.40 3903.86
Table 5.6: Correlated CDI models, slow-roll parametrization. The median
values and conﬁdence limits (C.L.) in parenthesis. For some parameters the whole prior
range (p.r.) is allowed by the data.
of natural logarithm of evidences of the remaining 19 models from the adiabatic model
(− lnZADS) in the slow roll parametrization.
− lnB = − lnZ − (− lnZADS) (5.22)
The odds for an isocurvature model against an adiabatic model are reported in the
column B of the table 5.7. The evidence for a purely adiabatic model is more than any
isocurvature model in both parametrizations. This means that the present data suggests
that the mixed isocurvature models are less likely. The evidence factors also show that
the datasets prefer a nearly scale-invariant model over a free spectral index model. What
we can say about the models from the Bayes’ factors according to Jeﬀreys’ scale [62] is
in table 5.8.
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Model Parametrization − lnZ − lnB B
Adiabatic Amplitude 3901.17 2.25 0.10540
CDI, General Amplitude 3905.93 7.01 0.00090
CDI, γ = 0 Amplitude 3902.82 3.90 0.02024
CDI, γ = 1 Amplitude 3904.71 5.79 0.00306
CDI, γ = −1 Amplitude 3905.49 6.57 0.00140
NDI, General Amplitude 3905.78 6.86 0.00105
NDI, γ = 0 Amplitude 3902.38 3.46 0.03143
NDI, γ = 1 Amplitude 3902.73 3.81 0.02215
NDI, γ = −1 Amplitude 3905.35 6.43 0.00161
NVI, General Amplitude 3905.57 6.65 0.00129
NVI, γ = 0 Amplitude 3903.96 5.04 0.00647
Adiabatic Slow roll 3898.92
CDI, General Slow roll 3902.87 3.95 0.01925
CDI, γ = 0 Slow roll 3901.74 2.82 0.05961
CDI, γ = 1 Slow roll 3902.40 3.48 0.03081
CDI, γ = −1 Slow roll 3903.86 4.94 0.00715
NDI, General Slow roll 3901.52 2.60 0.07427
NDI, γ = 0 Slow roll 3900.19 1.27 0.28083
NDI, γ = 1 Slow roll 3901.09 2.17 0.11418
NDI, γ = −1 Slow roll 3903.60 4.68 0.00928
Table 5.7: Bayesian evidences for all the models considered.
− lnBi Interpretation
(0,1) Model i is not worth more than a bare mention
(1,2.5) Signiﬁcant evidence against the model i
(2.5,5) Strong to very strong evidence against the model i
> 5 Decisive evidence against model i
Table 5.8: Bayes’ factor and its interpretation from Jeﬀreys’ scale.
The results that we have got are ‘against’ the isocurvature models according to Jeﬀreys’
scale. The highest evidence found for an isocurvature model is 0.28:1 for the uncorrelated
NDI model in slow roll parametrization compared to the pure adiabatic model, which is
still quite inconclusive and ‘not worth more than a bare mention’ according to Jeﬀreys’
scale.
Chapter 6
Conclusions
We studied the possible initial conditions that the universe could have had and then
we tried to test the presence of such conditions through the observable temperature
anisotropy.
We used two approaches to see a signal for isocurvature in the CMB, ﬁrst the phe-
nomenological approach where we let the spectral indices to be free and second the
slow-roll approach when we constrained the spectral indices to be close to one. The
isocurvature spectral indices prefer a higher value in our ﬁrst approach, which means
that the contribution from isocurvature is less on larger scales (smaller �) as compared
to the second approach. The correction in total spectrum due to isocurvature modes
comes mainly at low �. The observed spectrum is nearly adiabatic and scale-invariant.
Thus the constraints on isocurvature fraction α are tighter in slow-roll parametrization,
our second approach.
Similar analysis has been done before for constraining isocurvature perturbations with
diﬀerent data sets [63–71]. The results are consistent with no clear signal for isocurva-
ture initial conditions.
From the datasets used, we do not detect isocurvature. We only get an upper limit to
the isocurvature fraction that can be accommodated in the nearly adiabatic observed
spectrum. Thus the present data does not show any clear signs of isocurvature. We still
have the possibility of an isocurvature fraction below the found upper limit to α.
One sure test of the presence of isocurvature would be a detection of a shift in the
spectrum as compared to the pure adiabatic model. With the present data, we have no
such detection. We used WMAP nine year data, but an experiment with even higher
accuracy, PLANCK [72], has not detected such a shift. So we are in a safe position to
say that the nearly zero preferred value of isocurvature fractions αNDI, αCDI and αNVI
from the present data suggests adiabatic initial conditions.
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